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CHAPTER

THE RATE oF CHANGE OF A
FUNCTION

PROBLEMS

PROBLEM 1.1
The steel in railroad tracks expand when heated. For the track tem-
perature encountered in normal outdoor use, the length S of a piece
of track is related to its temperature ¢ by a linear equation. An exper-
iment with a piece of track gave the following measurements:

t, =65°F, s, = 35 fi
t, =135°F, s, = 35.16 fi
Write a linear equation for the relation between s and ¢.
Solution: p, (65, 35), P, (135, 35.16)
STS _Si=h s—35 _ 35.16-35
t—t, t,—t t—65 135-65

— $735_016 _ ) 023
t—65 70
s—35
—0.0023 = 0.0023¢ — 0.1495 = 5 — 35

-65
s =0.0023¢ + 34.85

t
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PROBLEM 1.2

Three of the following four points lie on a circle whose center is at
the origin. What are they and what is the radius of the circle?
A(_la 7)9 B(5) _5)7 C(_77 5)5 and D(7’ _1)

Solution:
r’=x"+y°
rA® =(=1)* +(7)* =50 /?\
rB®> =(5)* + (-5 =50 k/
C* =(-7)* +(757 =74
D* =(7)* +(-1)* =50
- A and B and D lie in the circle and radius r = \/% )
PROBLEM 1.3

A and B are the points (3, 4) and (7, 1), respectively. Use Pythagorian
theorem to prove that OA is perpendicular to AB. Calculate the
slopes of OA and AB, and find their product.

Solution: The points are A(3,4), B(7, 1), and O(0, 0).
Now, OB’ =0A* + AB®
OB =+(T-0)* +(1-0)* =+/50 1
=J(7-37+(1-4) =5 B
OA=(3-07+(4-0) =5
OB’ =0A* + AB®
= (/50> =(5)” +(5)°

=25+25
.OA 1L AB
Slopeof AB(mAB) = Yoy _1-4_ 3
x,—x, 7-3 4
Slopeof OA(mOA) = Y=t _4-0_4
X, =X, -0 3

". Slopeof ABxSlopeof OA = Zg % =-1
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PROBLEM 1.4
P(-2,-4),0(-5,-2), R(2,1), and S are the vertices of a parallelogram.

Find the coordinates of M, and the point of intersection of the

diagonals and of S.
Solution: P(-2,—4), Q(-5,-2),R(2,1),S 1
2-9 !
Mid-point PR = - 0, =\ .
1-4 =3 0 M
2 2 s
: , -3
-+ Coordinates of M are (0, ?) P
- -2
Mid-point 0§ == 5 50, yT = —% Ans. M(0,-3/2), 8(5,-1)
. 8(5,-1)
PROBLEM 1.5

Calculate the area of the triangle formed by the line 3x-7y+4=0

and the axes.
r' s

Solution:
3x—Ty+4=0 /
4 4) .

x=0=>Ty=4 .-.y=?(0,7 c yi

D
33

at

at

A(0,0), B(O, é} C(%}, 0) are the vertices of the triangle ABC.
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The area of the triangle %AB x AC

= X =

NN

4_8
3 2l

O | —

PROBLEM 1.6

Find the equation of the straight line through P(7,5) perpendicular
to the straight line AB whose equation is 3x+4y—16=0. Calculate
the length of the perpendicular from P and AB.

Solution:

Let Q be the point intersection of PQ and AB.

The slope of the line AB is 3x+4y—16=0. ...(1)
4y=-3x+16 a
y:—_3x+4 3x+dy—16=0
4
-3
mAB =—
4 -+ (?:-4) L
1 4 P9
The slope of the line PQ =——=—.
mAB 3
mPQ — y_yl
X=X L ]
_5 B
Y70 4 _98=3y-15
3 x—-7
3y—4x+28-15=0
3y—4x+13=0 ...(2)
Solving Equations (1) and (2), we obtain
3x+4y—16=0
3y—4x+13=0
From Equation (1), 4y =-3x+16
3
= =——x+4
y 4

By substituting this answer into Equation (2), we obtain
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3[__3 ‘i 4) _4rx+13=0 | BY substituting this answer into Equation (1),
we obtain _—gx +12—-4x+13.
x(——4) +25=0 4
3(4)+ 4y —16=0

-9 =
.16 12+4y=16
x| 4 =25 4y=16-12
4
dy=4
-25
Tx=—25 Soox=4 y=1. Q41

PO=\[(T-47+(5-17 =5  (Ans.3y—4x+13=0;5)

PROBLEM 1.7

L(-1,0), M(3,7), and N(5,-2) are the mid-points of the sides BC, CA,
and AB, respectively, of the triangle ABC. Find the equation of AB.

Solution: The coordinates of A, B, and C are

M
C(xj’yJ) Alxy, »y)

B(x,, )

Alxy, yy)
B(x,, yz>
Clx,, 93>

X, X,

-5 ..(1)

Xy T

I
—
—~
DO
~
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From (2), Xy 25 =—2
From (3), X, +x,=6
Subtracting, we obtain x, —x, =-8
or X, =x —8

By substituting this answer into Equation (1), we obtain

x+x,=10=>x+(x, -8)=10

2x, =18 x, =9
By substituting this answer into Equation (7), we obtain
X, +x;,=6=>94+x,=6.". x;=-3

Xy +x, =—2=>x,-3=-2

S x, =1
Now as Yy, +y,=—4 y,=—y,and y, +y, =14
Solving,
we obtain the following y, =5y, =9 and y, =9 (From (4),(5), and (6))
A(9,5), B(1,-9)and C(-3,9)
Slope of line AB(m) = Yooy _9-5_14 14
n—-x 1-9 -8 8§

y—y, =mx—x)
14
y—5=§(x—9)=>8(y—5)=14(x—9)

8y —40=14x-126
4y="Tx—43
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PROBLEM 1.8

The straight line x—y—6=0 cuts the curve y*>=8x at P and Q.
Calculate the length of PQ.

Solution:
x—y—6=
Y =8x
x—y—-6=0...... (1)}
5 x—6=y=>x=y+6
y~ =8x...... (2)
y* =8x=>y" =8(y+6)=>y" =8y +48
Y —8y—48=0= ¢’ —12y+4y—-48=0
= (y—12)(y+4)=0
= y—-12=0,y=12,(y-4)=0,y=—4
When y=12=x-12-6=0x=18 s p(18,12)
When y=—4=x+4-6=0=>x=2 soop2,—4)
Length PO = (18 —2)* + (12— (—4)* =162
PROBLEM 1.9

A line is drawn through the point (2, 3) making an angle of 45° with
the positive direction of the x-axis, and it meets the line x = 6 at P.
Find the distance of P from the origin O and the equation of the line
through P perpendicular to OP.

Solution: Let us consider the point where the line through point (2, 3) and the line
x = 6 meets at point (6, ).

The slope of the line passing through (2, 3) and (6, y) is
tan45’ =3;y:>1=ﬂ:>y=7.
2-6 —4
The distance between the origin and the point (6, y) = (6, 7) is
J6-0 +(7T-0) =+/85

To find the equation of the through P and perpendicular to OP, we solve
the following:
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y—y, =m(x—x,)

6
—7=—2(x-6 _
y 7(x ) [ Slope 0fOP=7—0=Z}
Ty—49 =61 +36 6-06
Ty +6x=85

PROBLEM 1.10

The vertices of a quadrilateral ABCD are A(4,0), B(14,11), C(0, 6), and
D(-10,—5). Prove that the diagonals AC and BD bisect each other at
right angles, and that the length of BD is four times that of AC.

Solution: A(4,0), B(14,11), C(9, 6), and D(-10, =5) are the vertices of quadrilateral
ABCD.

B
C F 3
/< N\ N
AX
D
The mid-point of AC = 4+0 =2; 6+0 =3is(2,3)
The mid-point of BD = 14 ; 10 =2; % =3(2,3)
The slope of AC(mAC) = Y2 "9 _ 6-0 = 6 = —E.
Xy — Xy -4 4 2
The slope of BD(mBD) = 51l = -16 = %
-10-14 -24 3

mAmeBCz_?S-%z—I:ACJ_BD
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AC =J(4-0) +(0—6)?
=213
BD =14 +10)° +(11+5)°

=813

= BD =4AC

PROBLEM 1.11

The coordinates of vertices A, B and C of the triangle ABC are
(-3,7),(2,19), and (10, 7), respectively.
(a) Prove that the triangle is isosceles.
(b) Calculate the length of the perpendicular from B to AC, and
use it to find the area of the triangle.

Solution:
A=3,7)
D(2,7)
B, 19) (10, 7)
(a) AB=/(-3-2)* +(7-19)°

=/25+144 =169 =13
AC =/(=3-100 +(7-7)
J137 =169 =13
- AB = AC = the triangle is isosceles
(b) Let D be the bisection between B and AC, D (2, 7).
BD=+/2-2) +(7-19) =12

Area of the triangle = é(BD xAC) = é x12%x13=178
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PROBLEM 1.12

Find the equations of the lines that pass through the point of inter-
section of the lines x —3y =4 and 3x + y =2, and are respectively par-
allel and perpendicular to the line 3x+4y=0.

—3y=4.......(1
Ty () x=4+3y
3x+y=2.......(2)

By substituting this answer into Equation (2), we obtain

Solution:

3(4+3y)+y=2 = 12+9y+y=2
0y=2-12 = 10y =-10
y=-1

By substituting y into Equation (1), we obtain
x+3=4=x=4-3=1 .. x=1
~. The point of intersection between two lines is (1, —1).

The slope of line 3x+4y=0 is m = R

The equation of a parallel line is = _?3 and point (1, -1).
~. The equation of the required line is as follows:
y—y, =mx—x,)

y+1=_73(x—1)34y+3x+1=0

The equation of perpendicular line is m =§ and point (1, -1).

4
= y+l=—(x-1
y 3( )
= 3y+3=4x-4
= 3y—4x+7=0

PROBLEM 1.13

Through the point A (1, 5), a line is drawn parallel to the x-axis to
meet the line PQ at B, whose equation is 3y =2x—5. Find the length
of AB and the sine of the angle between PQ and AB; hence, show that
the length of the perpendicular from A to PQ is 18/ \/E . Calculate
the area of the triangle formed by PQ and the axes.
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Solution: The line PQ is

3y=2x-5
3y=2x-5
y=5

(Since line AB || to x-axis)

3x5=2x-5
15=2x-5
20 =2x Sox=10
- B(10,5) AB=y(10-17 +(5-57 =9

0=45=m=tan 0

From Equation (1) 3y=2x-5

2 5
y= gx - g P(0,-5/3)

y—y :m(x_xl)

V2 +3 =413

sinf)zi
J13
3y=2x-5= PQ
2y=3x+13= AC

The slope of PQ(mPQ)= % = AC L PQ.
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The slope of AC(mAC) = _?3 and A(L, 5) is as follows:
y—y, =mx-x,)
y—5=_73(x—1):>2y+3x—13=0
2y+3x-13=0
3y=2x-5

From Equation (1),

2y+3x—13=O:>2y=13—3x:>y=§—gx
By substituting y into Equation (2), we obtain
2y+3x—13=0:>2y=13—3x:>y=§—§x

By substituting y into Equation (2), we obtain
3(E—§xj =2x-5.. x=ﬁ
2 2 13
By substituting this answer into Equation (2), we obtain
212 13- 5 3y—2(49j 5
(13) 13

2) 2
(13) -39-10 ,  98-63
2 2 13
[13) —49 , 33 11
—x| = |[=—3y="—" . y=—
2 Y 13
C(ﬁ E) 11)2 _ 18
13713 Vi3
)2 (54)2 1296 2916 4212
T 137\ (a3)
323 \/ 24 18

F NE)
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To find the intersection PQ to the axis,

At y=0, 3y=2x-5
= xzé(E,Oj
212
At y=0:>x=_—5(0,_—5)
3 3
Area——x—x§=§
2 12

PROBLEM 1.14

2
Let y= xz +2 express x in terms of y and find the values of y for
x -—
which « is real.
Solution:
_ 2 +2
y x =1
y(x® —=1)=2"+2
yx2 —y= 2 +2
y® —x* =y +2
Ply-1)=y+2
2_y+2
y—1
y+2
For xreal numbers, >0
y—1
D =V _:20
Ry :<—2o0ry>1
— y+2
y—1

PROBLEM 1.15

Find the domain and range of each function:

1 1 1
(a) y= = (b>y—1+\/;> (c) y=
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1

1+x°
y(l—i—x2)=1:y+yx2 =1

Solution: (a) y=

y( S—x)zl
S—le
Y
1 2
3—x=(—J for real numbers
Y

x=3—(lJ DV x<3
y
R, :Vy>0

Y
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PROBLEM 1.16

Find the points of intersection of x’ =4y and y=4x.

Solution:
=4y ...(1)
y=4x ...(2)
= * =4(4x) = «* =16
x* —16x=0
x=0o0rx=16 when x=0, y=0

and when x=16, y=64
The points of intersection are (0, 0)(16, 64).

PROBLEM 1.17

Find the coordinates of the points at which the curves cut the axes:
(@) y=x’-9x", (b) y=(x*-1)(x*-9), (c) y=(x+1)(x-5)

Solution: (a) y= *—9x®
At x =0,y =0,the curve cuts y-axix at (0, 0)
At y=0:>0=3c3—93c2
x*(x—9)=0 either x> =0
or (x-9)=0 x=9
.. The curves cut the x-axis at (0, 0)(9, 0).
(b) y= ("~ 1) —9)
At x=0y=(0-1)0-9)=y=(-1)(-9)=9
= The curves cut the y-axis at (0,9).
At y=0=0=(>-1)(x"-9)
either x¥*-1=0x=2=1 .. x=%1
or -9=0=x*=1 .. x=43
.. The curve cuts the x-axis at (1, 0), (=1,0) or (3,0),—(-3,0).
() y=(x+1)(x-5)
At x=0,y=0+1)(0-5° =y=(1)(25)=25

- The curves cut the y-axis at (0, 25).
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At y=0:>(3c—i—1)(ac—5)2
either r+1=0=>x=-1
or (x-57=0= x=5
(x=5)"=
xr—-5=0=x=5

.. The curves cut the x-axis at (=1, 0) or (5, 0).

PROBLEM 1.18
Let f(x)=ax+b and g(x) = cx+d. What condition must be satisfied
by the constants a, b, ¢, and d to make f[g(x)] and g[ f(x)] indentical?
Solution:
flgx) = flex+d)=alex+d)+b
g(f(x))=glax+b)=clax+b)+d
since  f(g(x))=g(f(x))=alex+d)+b=clax+b)+d
= acx+ad =+b cax +cd +d
ad +b = cb + d is the required condition.

PROBLEM 1.19

A particle moves in the plane from (-2, 5) to the y-axis in such a way
that Ay = 3 * Ax. Find its new coordinates.

Solution: (-2, 5) Ay = 3Ax
Ax=x,—x, =>0-(-2)=2
Ay=3x2=6
Ay =y, -y,
6=y,-y
Yy =6+y,
Yo =6+y,
Yy, =6+5=11

Hence (0, 11) is the new coordinate in the (+) y-axis.
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Again Ax=-2-0=-2=Ay=3Ar=3x-2=-6
Ay =y, —y,
Yo =Dy +1y, =y, =—6+5=-1

Hence (0,—1) is the new coordinate in the (—) y-axis.

PROBLEM 1.20

If f(x)=1/xand g(x)=1/ Jx, what are the domains of f, g, f+g, f-g,
fg fg, glf, fog, and gof ? What is the domain of h(x)=g(x+4)?

Solution: f(x)=—, g(x =$

f+g:>\/, \/,D Vx>0

() f-g=—-—D x>0

v Jx

) fxg:leDxVx>O

Jx

X
(l/x) 1 DxV x>0

S _ L
TN ST AN

1
BN f
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PROBLEM 1.21

Discuss the continuity of the function.
1
x+— for x<0
—-x' for 0<x<1
FI=V 1 for 1<x<2

1 for x=2
0 for x>2

Solution: At x=0— f(-x°)=0.
lim . flx)=lm__ f(x + 1) o
limH(r flx)= limx_)w f(—xs) =0= limx_)o,
.. The function is not continuous at x =0.
At x=1= f(+1)=-1
lim,, , f(x)=lim_,, —(—x")=-1
lim_,,, f(x)=lim_, ,, (-1)=-1
lim_,_, f(x)=lim_,, f(x)

.. The function is continuous at x = 1.
At x=2,f(2)=1
lim_, , f(x)=lim_, ,(-1)=-1

.. The function is not continuous at x = 2.

PROBLEM 1.22
Evaluate the following limits:
i
(a) limx sin X
x> 2x 45
1+sinx

(b) lim

X—>00 X

(c) lim
x->0tan 3x

X sin x
m ———
x—©0 (x + sin x)



Solution: (a)

or

(d)

THE RATE oF CHANGE OF A FUNCTION

1-Jx

lim
x—1 1 - X
. x+1-+2x
lim—————
x—1 X —-—Xx
lim(\/n2 +1- n)
n—oo
1+ sin x
. x+sinx ), X 1+0
lim . +li 5 = 5
x—»0 x—>0)
I 2+
X o0
. x+sinx . 1 sinx 1
lim———— +lim| =+ ==
oo Jp 45 woe\x x 2
. l+sinx (1 sinx 1 sinow
lim———=lim| —+ =—+4 =0
X—>00 X x>0\ X o0 00
. X . .
lim = lim = lim— - oS 3x
=0 tan 3x 50 xo0Sin 3x
. 1 ) 1
= limcos 3x - - = limcos 3x - ——————
0 . sin 3x ) 3,. sin3x
lim —lir
x>0 X 3 x—0 X
. 1 1 1
limcos 3x - P cos(0) N =1-§=§
=0 . 1
3lim - X
x—0 X
. xsin x
lim ——
r>o(x + sin x)
. X . sin x
lim———lim —— X
x_>wx+31nxx»oox+ Sin x
X
. 1 . x
lim —lim -
SINX ow. SiNX
e R
X X
sin
_ 1 o8]
sin oo sinoo
1+ 1+
0.0] o0
1 0
= — — O

19
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1-Jx 1-+/x

(e) lim = lim

R

1 1
= lim

1
‘ﬁl(l-i-\/_) (14_\/_) 1+1_§
el i+

lim
) B x+14++/2x
lim x+1-2x
=1(y? _x) (\/x+ \/ﬁ)
x+1-2x . (1-x)
lim =lim
Hl x(x — 1( x+1+ 2x) H13c(x—1)(\/9c—i-1+x/§)
. -1 1
= =—lim

mx(m+m):1ﬁ+&:‘m

. InP+1+n
(@) lim(vn®+1—-n|x—m——
: 'H“’( ) NP +1+n

Int+1+n
= lim| Vn? +1 —n— — ——
’H“’[ Nt +1+n

L Sl
""”\/n2+1+n

= lim: =l=0
e n® +1-n \/ooz+1+oo ©

PROBLEM 1.23 f(x)
s 5 forx#3
Suppose that f(x)=x"-3x"-4x+12 and h(x)=qx-3 .
Find k for x=3

(a) all zeros of f
(b) the value of k that makes h continuous at x = 3.



THe RATE oF CHANGE OF A FuncTion © 21

Solution:

(a) x® =32 —4x+12=0=2"(x—-3)-4(x -3)=0= (x> =4)(x - 3)=0
eitherx> —4=0=>x =42

or x—3=0=>x=3
(b) fl(x) *=3x% —4x+12 3 (x* —4)(x-3)
-3 x—3 T (x-3)
=x> -4
h(3)=(3-4=>9-4=5






CHAPTER

FUNCTIONS

PROBLEMS

PROBLEM 2.1

A body of unknown temperature was placed in a room that was held
at 30°F. After 10 minutes, the body’s temperature was 0°F, and 20
minutes after the body was placed in the room, the body’s tempera-
ture was 15°F. Use Newton’s law of cooling to estimate the body’s
initial temperature.

Solution:
T-T =(T,-T,)e" when t =10 minute T = 0°F we have

0-30=(T,-30)e""

= -30=(T, —30)e" (1)
When t =20, T =15°F, we have
15-30=(T, -30)e™" .. (2)

~15=(T, -30)™*
Divide Equation (2) by Equation (1):

1

10k

e =— ... (3
5 (3)

By substituting Equation (3) into Equation (1), we obtain

~30=(1,-30)(3



24 ° MATHEMATICS FOR MECHANICAL ENGINEERS

T —30=——2 __60
1/2

T -60+30=-30F

PROBLEM 2.2

A pan of warm water (46°C) was put in a refrigerator. Ten minutes
later, the water’s temperature was 39°C, and 10 minutes after that,
it was 33°C. Use Newton’s law of cooling to estimate how cold the

refrigerator was. Ans. 3°C
Solution: T-T =(T,-T)e"
When, T, =46°C, t =10min, T = 39°C, we have
39-T =(46-T,)e"™ (1)
When ¢ = 20min, T = 33°C, we have
33-T =(46-T, )™ .(2)
By dividing Equation (2) by Equation (1), we obtain
BT, _
39-T,
By substituting this answer into Equation (1), we obtain
39-1 =(s6-1) 2L
39-T
(39-T)(39-T,)= (46 -T,)(33-1T)
1521 - 39T — 39 + T2 = 1518 — 46T —33T +T°
- 1521 - 78T +T% —1518 - 79T —T%s =0
3+4T =0T =-3
PROBLEM 2.3

Solve the following equations for values of @ from -180° to 180°

inclusive:
() tan0 + tan 6 =0
(ii) cot 0 =5 cos 0
(iii) 3 cos O +2sec O+7=0

(iv) cos?@+sinO+1=0
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Solution: (i) tan* @ +tanf@=0 = tand (tand+1)=0

either tan@ =0 (. 8=-180°,0°,180°)
or tand+1=0
tan@d =-1 (:.0=-45°135°)
(ii) cot @ = 5cos 0 = cosd =5cos8
sin@

5sinéfcosé = cosd
S5cosf@sinf —sinf —1
cos@ (5sin@—1)
either cos@ =0 = 8 =90°, —90°

or 5sint9—1=0:sin6’=l.'.sin9:é

60 =11.54168.46
6 =1{90°,90°,11.54°, 168.46°}

(iii) 3cos @ + 2 +7=0=3cos’0+Tcosf+2=0
cos@
= (3cos@+1)(cos@+2)=0
or either cos@ = -2 = neglected as —1 < cos@ <1
or 3cosf+1=0 = cost—l
= 0 ={-109.47°,109.47°}

iw)l—sin"@+sinf+1=0=(sin@ —2)(sin@+1)=
(iv) 1 >0 f+1=0=(sin@—2)(sin@+1)=0
either sin@ = -2 neglected as —1 <sin@ <1

or sin@d =-1= 6 =-90°
0 ={-90°}

PROBLEM 2.4
Solve the following equations for values of @ from 0° to 360° inclusive:
(i) 3cos280—-sinf+2=0
(#) 3 tan @ =tan 20
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(iii) sin260- cos@ + sin*0 =1

(iv) 3cot20+cotfd=1
Solution: (i) 3(1-2sin*@)—sinf@+2=0 = 6sin*f+sinf—-5 5
= (6sin@—-5)(sin@+1)=0 3
= either sin@ = g
= 0 =56.4°,123.6° x=4
or sinfd=-1=6=270

0 ={56.4°,123.6°, 270°}

(ii) 3tan @ = w = tanH(Stanz—l) =0
1—-tan~ @
either tan@ =0 = 6 =0°,180°, 360°
Or tan@ = (1/+/3) = =150°, 210°
Or tan@ = (1//3) = 6 =150°, 330°

6 =1{0°,30°,150°,180°, 210°, 330°, 360°}

(iii) (2 sin @ cos @) cos @ + (1 —cos® @) —1=0
=cos’0(2sinf—-1)=0
either cos® @ =0 = 6 =90°, 270°
or sinf@=1/2 = 6=30°150°
0 =1{30°,90°,150°, 270°}
(iv) 3cot 20 +cot =1
3 1

—+ =
tan260 tan @

3 N 1
2 tan 6 tan @ -
1—tan®@
3(1—tan®0) 1
= + =
2tand tand
3(1—-tan®0) 1
= + =
2tan @ tan @

=
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3-3tan’0+2
:>—
2tan 0

=3tan’f+2tand-5=0

=1=5-3tan’0=2tand

=3tan” O +2tand - 3tanf-5=0
=tanf(3tan6+5) -1(3tan 6+5)=0
= (tanf@-1)—(3tan8+5)=0
eithertan@-1=0 = tanf0-1 = @=45°225°
or 3tanf+5=0 = tanﬁz—g = 6#=121°301°
6 =1[45°, 121°, 225°, 301°]

PROBLEM 2.5
If sin 6= 3/5, find without using tables the value of
(i) cos @
(i) tan 8
Solution: sin & =§
5% =x*+3°
25=x"+9 > 3
x*=25-9=16
= x=4 0
4 X

cos@=— and tant9=E
5 4

PROBLEM 2.6

Find, without using tables, the values of cos x and sin x, when cos 2x

1

is —.

8

Solution: As 2cos® x — 1 = cos 2x =%

2(:032x=l+1:>20052x=9
8 8

2
CoS X =—

16
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cosx=iE
2
sin2x=1—coszx:>1—(i-%j =1—g:1

, 7
sinx =—

PROBLEM 2.7

If sinA=3/5 and sin B= %, where A and B are acute angles, find,

without using tables, the values of
(a) sin (A+ B)
(b) cos (A + B)
(c) cot (A+B)

Solution: sin A = E sinB = 5

(a) As we know that
sin (A + B) =sin A cos B+ cos A sin B
3 12 4 5 56

=—X—F—X—=—

5 13 3 13 63
(b) cos (A+ B)=cos A cos B—sin A sin B

4123533

=—X———X —

513 5 13 65
33
(0) cot (A+B)= 2 A¥B)_65 33

sin(A+B) 56 56

65
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PROBLEM 2.8

If tan A=-1/7 and tan B=3/4, where A is obtuse and B is acute,
find, without using tables, the value of A - B.

Solution:
tan (A—B) = tan A —tan B
l+tanA-tanB
1.3
- T 4 —tan(A-B)=1
)3
1+l =212
7 )\ 4
A—-B=135°
PROBLEM 2.9

Prove the following identities:
(i) sec’8+ cos>8 =sec’8 cos>0
1) sin20(l + sec2€) =sec’d — cos>0
(#1i) 1+4sin@

= (sec @ + tan 6)*
1+sind

tan’@ + cos’8

sec 0 +sin @
cos(A—B)-cos(A+B)
sin(A+B)+sin(A-B)

(vi) cos B—cos A-cos(A—B)=sin A-sin(A - B)

tan A+ tan B+ tan C —tan Ax tan Bxtan C

I-tanB-tanC—-tan C-tan A — tan- tan B

(iv) sec @—sin @ =

tan B

(vii) tan(A+B+C)=

If A, B, C are angles of a triangle, show that
tanA+tan B+tanC=tan A-tan B-tan C

. Q1 2
(viii) %[tan(x +h)+tan(x—h)]-tanx = tanx-sin'h

. 1-cos2x
(ix) tanx= |———
1+ cos 2x

cos’x —sin’h



30 ° MATHEMATICS FOR MECHANICAL ENGINEERS

sin 4A + sin 2A
cos4+cos2A+1

(xi) sin*@+ cos*@ = l(cos 46 +3)
4

=tan 2A

(xii) 4sin®A-cos 3A +4 cos’A -sin 3A = 3 sin 4A

3tan A —tan’A
1-3tan’A

(xiv) cos'(—x)=7 —cos'x

(xiti) tan3A =

(xv) cot'x= %— tan 'x
(xvi) cosh (u+v)=coshu-coshu-coshv+ sinhu - sinh v and then verify
cosh (u —v) = cosh u- cosh (u + v) —sinh (u —v)]

(xvii) cosh u-sinhv= %[sinh (u+ v) —sinh (u —v)]

(xviii) sinh u-sinh v= %[cosh (u+v)—cosh (u—v)]
(xix) cosh 3u = coshu + 4 sinh®>u - coshu = 4 cosh?>u — coshu
(xx) (coshx +sinhx)" = coshnx + sinhnx
Solution: (i) sec’d + cosec’ = sec’d cosec’d

1 1 sin” @ + cos> 0

left-hand side = sec® 8 + cos® 0 = . ——= —
cos"@ sin"@ cos @sin” 6

As sin®@+cos”> 0 =1
111
cos>Osin® @  cos® O ' sin’
(ii) sin® @(1 +sec” @) =sec” @ —cos” 6
L.H.S.= sin” 8(1 +sec® 0)

=sec” Ocos” 0 = right-hand side

= sin20(1+ 12 j=sin20+tan20=(1—00520)+(sec26’—1)
cos” 0

2 2
=sec” @ —cos” 0

(i) 1+s%n¢9 =(sec@ + tan 0)
1—sin 2 2
LHS= rsind 1-sind _(+sm0F _(1+sin0)

1-sin@ 1+sin@ 1-sind cos> 0
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(l-i—sin@j_( 1 +sin9j
cos@ cos@ cosl
=(secOd+tan6)* =R.H.S.

tan” @ + cos” @

(iv) secl —sin@ =
secd +sind

LHS= (sec@—sinﬁ)xw
secl +sin @
_sec’@—sin®0 (tan®6+1)—(1—cos’ 0)
sec@ +sin @ secl +sind
_ tan® @ + cos” @ _RILS.
sec@ +sind

[-sec®@=tan” @ +1,sin”> @ =1 —cos” O]
cos (A —B)cos (A +B)

=tanéd
(v) sin (A+ B)+sin (A—B)

cos (A—B)—cos (A+B)

sin (A + B) +sin (A — B)

(cosA-cosB+sin Asin A)—(cos AcosB—sin Asin A)
(sin A - cos B + cos A sin B) — (sin A cos B — cos A sin B)
_ cosA-cosB+sin Asin B —cos Acos B—sin Asin B

LH.S.=

~ sinAcosB +cosA -sin B — sin A cos B — cos A sin B
_ 2sinAsinB _ sinB

= = tanB=R.H.S.
2ssinAcosB  cosB
(vi) cosB—cosA-cos(A—B)=sinA sin(A — B)
L.H.S.=cosB—cosA-cos(A—B)
= cos B —cos A (cos A -cos B +sin A sin B)

cos B —cos® A cos B + sin A cos A sin B
cosB—(1—sin® A) cos B—sin A cos A sin B

cos B—cosB (1 —sin® A)—sin A cos A sin B

U

cos B—cos B+ cos Bsin> A —sin A cos A sin B
sin A (cos B sin A —cos A sin B] =sin A - sin (A — B) R.H.S.
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tanA+tanB+tanC —tan A-tanB-tanC
l-tanB-tanC-tan A —tan A - tan B
tan(A+ B) +tanC
1-tan(A+B)-tanC

(vii) tan(A+B+C)=

LHS.=tan(A+B+C)=

tan A +tan B

—————+tanC

1-tanA-tanB
tan A +tan B

- tanC
1-tanA-tanB

_ tanA+tanB+tanC —tanA-tanB-tanC
" 1-tanA-tanB—tanA-tanC —tan BtanC
Since A+B+C=180°=tan(A+B+C)=0
tanA+tanB+tanC —tanA-tanB-tanC
l—tanA-tanB—tan A-tanC —tan BtanC
StanA+tanB+tanC=tanA-tanB-tanC

tanxsin® h

cos® x —sin® h

i) <[ tan v+ 1)+ tan(e = )] tans = 0

LHS. = %[tan (x+h)+tan (x —h)— tanx]:>

2| 1-tanx-tanh 1+tanx-tanh

1| (1+tanx-tanh)(tanx +tanh) + (1 —tanx tanh)(tanx — tanh) .

— \ _ —tanx
1—tan®xtan®h

1| tanx+tanh tanx +tanh
+ —tanx

2

tan x + tan h+ tan® x tan h+ tan x tan® & + tan x — tan h— tan® x tan h+ tan® h tan x
2(1 —tan® xtan® h)
1 {Q(tanx +2tan” h tan x — tan h)}
—tanx

—tanx

2 1—tan®xtan® h
_ tanx+tanux- tanh? x

1—tan®xtan’h

—tanx

tan x(1 + tan® hx)
= 3 T tanx
l1—tan“xtan"h

- tanxsec” h .
———————— —tanx .
1—tan®xtan®h (~.1+tan’> @ =sec 0)



tanx - ———
cos® h .
= . — — —tanx
1 sinx sin’h

2 2
cos“x cos h

tanx -

cosh

3 5 — 5 tanx
cos” xcos” h —sin” xsin” h

cos® xcos® h

2
= —tanx
2 2 .2 e 2
cos”xcos” h—sin” xsin®h

1 2 2
tanx - -cos- xcos-h
cos

2
tanx-cos™ x

=— .5, tanx
cos” x —sin” h
cos” x
cos” x —sin~ h

2 2 2
cos” x —(cos” x —sin” h
tanx 3 —
cos  x—sin” h

sinh?

cos’x—sin’*h

) 1—cos2x
(ix) tanx =, [————
1+ cos2x

= tanx( j =R.H.S.

1—cos 2x

2 _|sin"x -
TrcosZr \eosry S

R.H.S.=
2
sin4A+sin2A  2sin2A-cos2A +sin2A

cosd4A +cos2A+1  cos’2A —sin® 2A + cos2A + 1
N sin2A (2cos2A +1)

cos” 2A —1(1 —cos® 2A) + cos2A + 1

sin2A (2cos2A +1)

=

cos®2A —1+cos® 2A + cos2A + 1

33
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sin2A (2cos2A +1)
cos2A (2cos2A +1)

=tan 2A = R.H.S.

(xi) sin* @+ cos* @ = l(cos 40 + 3)

R.H.S. :>i(cos46’+3) :i[(l — 2sin? 2.9)+3]

:i[(4—2 (2sin@ —cos )’ ]

=1-2sin” @cos” @ = (cos® O +sin® 0) — 2sin” O cos® O
= cos” @ —sin® @cos® @ +sin® @ —sin” @ cos®
cos® O(1 —sin® @) +sin® O(1 — cos® O) = cos” @ +sin* @ = R.H.S.
(xii) 4sin® A -cos 3A +4cos® A-cos 3A -sin 3A = 3sin 4A
L.H.S.= 4sin® A cos® A+ 4 cos® A -sin3A
= 4sin3A (cos2 A cos A—sin 2A-sin A)+4 cos® A (sin® cos A + cos 2A sin A)
= 4 sin® A cos A cos 2A — 4 sin* A sin 2A + 4 cos* A sin 2A + 4 sin A cos’ A

cos2A... ... (1)
Note sin4A =2sin2A cos2A
sin 2A =2 sin A cos A

= 4 sin”® A cos A cos 2A => 2 sin” A -2 sin A cos A cos” A

= 2 sin 2A sin® A cos 2A ...(a)
4 sin A cos® A cos> A = 2 cos® A (2 cos A —sin A) cos 2A

= 2 cos® A sin 2A cos 2A ...(b)

By substituting (@) and (b) in Equation (1),
2sin® A sin 2A cos 2A + 4 sin 2A (cos* A —sin* A) + 2 cos® A sin 4A
~.sin” A sin 4A + cos® A sin 4A + 4 sin 2A (cos® A —sin® A) (cos® A +sin® A)
(cos® A +sin” A)
=sin 4A (sin® A+ cos> A) + 4 sin 2A - cos 2A
=sin4A+2sin 4A=3sin 4A = R.H.S.
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3tan A —tan’ A
(xiii) tan 3A = H
1-3tan" A

2tan A tan A
tan2A+tan A ] _nlA

LHS =tan(2A+A)= =
< ) 1—tan 2A-tan A 1_%

5 —-tan A
]-tan™ A
2tan A
[As tan 2A = ————
l1-tan" A
2tan A+ (1—tan® A)tan A
2
- 1—tan 2A
2tan” A
1-tan” A
2tanA+tanA—tan® A 3tanA—tan’ A
= g L oo C_RHS.
l-tan"A—-2tan” A 1-3tan” A
(xiv) cos™' (—x)=m—cos ' x
Let yzﬂ—cos’lxszcos(ﬂ—y)
= X =—Cosy
y=cos (—x)
cos™ (—x) = -y
(xv) cos‘lng—tan_lx
Let —ﬁ—tanlx:x—tan[”— )
Y D) D) Y
= xzcoty:yzcot’lx
cot ' x = r_ tan' x
(xvi) (@) R.H.S.= cosh u. cosh v+ sinh u -sinh v
_eu +67u eb_i_efl; +eu _eﬂt ev _eft; _eu+v+ef(u+v)

2 2 2 2 2
=cosh (u+v)=L.H.S.

(b) L.H.S. = cosh (u+(—v) = cosh u - cosh (—v) + sinh u - sinh (—v)

= cosh u - cosh v —sinh « - sinh v =R.H.S.

35
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(xvii) cosh u-sinhv=1/2[sinh (u+ v)—sinh (v —v)]
R.H.S=1/2](sinh u - cosh v + cosh u - sinh v) — (sinh « - cosh v — cosh « - sinh v)]

=1/2[sinh u - cosh v+ cosh u - sinh v —sinh u - cosh v + cosh u — sin v]

=1/2[2 cosh u -sinh v]

=cosh u-sinh v=L.H.S.

(xviii) sinh u-sinh v =1/2 (cosh (u + v) — cosh (u —v)
R.H.S.=1/2(cosh (u+v)—cosh (u—v)]
=1/2(cosh u - cosh v + sinh v + sinh v) — (cosh u,cosh v —sinh u,sinh v)]
. 1/2][cosh u-cosh v+ sinh u + sinh v — cosh u - cosnh v + sinh v - sinh v]
=1/2[2sinhwu -sinhv]
=sinhu-sinhv=L.H.S.
(xix) cosh 3u = cosh u + 4 sinh®- cosh u = 4 cosh 3u — 3 cosh u
L.H.S.=cosh 3u=cos h (2u +u)
= cosh 2u - coshu + sin 2u - sinh 2u
=cosh®>u+sinh®u
= (cosh® u + sinh? ) - cosh u + 2 (sinh « - cosh u) sinh
= cosh® u +sinh”® u - cosh u + 2sinh® u - cosh u
=cosh® u + 3 sinh® u - coshu
=cosh® u+ 3 (cosh® u —1) cosh u
= cosh® u+3cosh® u—3 cosh u
=4 cosh’ u—3 cosh u=R.H.S.

(xx) (cosh x +sinh x)" = cosh nx + sinh nx

L.H.S.=(cosh x + sinh x)"

= (ex)"
— nx
Let n=y
en.\‘ — e]/
=cosh y+sinh y

= cosh nx + sinh nx =R.H.S.
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PROBLEM 2.10

1+sind —si
If u=i, prove that l=ﬂ
cos 0 u cos 8

sin @, cos 6, and tan @ in terms of u.

and deduce the formula for

Solution:
1+siné@ 1 1-siné
U =——— prove that = =———
cos 0 u cos 0
u_l+sin(9 1 cos@ 1—sin@ cos(l—sin6)

- = X =
cosd u 1+sin@ 1-sin@ 1-sin® @

1-sinéd
cosf
. (1+sin6)* O (1+siné)* 3 (1+sin6)*
cos” 0 1-sin’@ (1-sin@)(1+sin6)
2=1+Sm(9:>(1—si1r16?)u2=1+sin¢9
1-sinéd
u? —u’sin@=1+sin@=sind
u?—1=sin@+u’sind u2+1 ) |
uz—lzsine(u2+l) u =
sin@zu
(u”+1)
cosf = 22u
u +1
2_
tant?z(u2 1
(u”+1)
PROBLEM 2.11
2 —tana

If sin (x+a)=2 cos (x —a), prove that tanx= .
1-2 tana
Solution: sin x - cos a + cos a sin a =2 (cos a cos a + sin a sin Q)
Dividing throughout by cos x cos a, we obtain
= tanx+tana =2+2 tan x - tan
tanx+tana =2+2tanx-tan o
2 —tan x

tanx=——
l1-2tan
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PROBLEM 2.12
If sin (x—a) = cos (x + a) prove that tanx=1.

Solution: (sin x-cos & — cos ¢ sin & = cos x cos o — sin x - sin )

—tanx-cosa—sina=cosa—tana x

S.tan x-cosa + tan a sin a = cos o + sin

Stanx-cos o + tan a sin a = cos @ + sin o

cotan o (cos o + sin ) = cos a + sin o

cos o+ sina

Stany=———=tana=1
cos o+ sin a

PROBLEM 2.13

If x = cos@+ cos 20 and y = sind + sin 26, show that
(i) x* — y* = cos 20 + 2 cos 30 + cos 40

(i1) 2xy = sin 26 + 2 sin 30 + sin 40

Solution: (i) x*— yQ = cos”> @+ 2cos® O+ cos* @
L.H.S. =" — /° = (cos 0+ cos 26)* — (sin 6 + sin 26)
=cos” @ + 2 cos O cos 20 + cos® 260 — sin” @ — 2 sin Osin® & — sin® 26.
=(cos® O sin” @) + (cos” 20 — sin” 26)
=sin 20+ 2 sin 30 + sin 460 = R.H.S.
(i) 2 xy = sin 26 + 2 sin 36 + sin 46
L.H.S.=2(cos 8 + cos 20) (sin @ + sin 20) = 2 sin @ cos 8 + 2 cos O sin 26 + 2 sin G cos 20
+ 2 sin 26 cos 26
=sin 20 + 2 sin 36 + sin 46 = R.H.S.

PROBLEM 2.14
If cos2A - cos 2B = cos 26, prove that

o 2 2 2 o 2 o 2
sin“A-cos” B+ cos™ A-sin” B=sin"0

Solution: L.H.S.=sin> Acos® B+ cos” Asin” B
B 1-cos2A 1+cos2B N 1+cos2A 1—cos2B
2 2 2 2
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(14 cos 2A —cos 2A — cos 2A cos2B) + i (1+ cos 2A —cos 2B — cos 2A cos 2B)
1
(2—2 cos 2A cos 2B) + 5 —(1-cos 2A —cos 2B)

(1 cos 26) =sin* @ =R.H.S.

[\)I%—‘Akh—‘»-lkh—*

PROBLEM 2.15
If S=sin@ and C = cos 0, simplify:

~ S-C
(i) -
1-S
. S1-8%
(i) =2
C-J1-C?
i) €. 8
S C
Solution: ( S-C sin @ cos @ Sln00050
\/1 s* \/l—sm 9 \/00520
sinfcosf
=———=sinf
cos 0

SA/1-§2 sin 61 —sin*@  sin 6 cos O
11 = - =
CN1- C2 cos 01 —cos?@ cos O sin O
.. C S cos@ sinf cos®@+sin> 6 1
(iii) =+ = — + - - .
S C sind cosé@ sin @ cos @ cos @ sin @

=sec 0 cos @

PROBLEM 2.16
Eliminate @ from the following equations:
(i) x=a-cosec@ and y=b-sec b
(ii)
(iii)) xsin@+tan @ and y=sind —tan b
v)

(i

x=sin @+ cos @ and y =sin  —cos

x=tan @ and y=tan 260
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Solution: (i) x =a cosec @ and =b-sec 0

cosec 8 =—
sin
1 a
x=a =ax=
(sin@} sin @
xsinf@=a
= y=bsec@.. secO=
cos 6
y:b( 1 ):>ycosé’=b.‘.cos€=é
cos@ y
2 b 2
00520+sin26’:1:>.'.(£j +£—j =1
x Y
2 2
= a—2+b—°:1
oy

(it) x =sin @+ cos @, y=sin @—cos b
After adding, we obtain

After subtracting, we obtain
x =sin @+ cos @

x =sin @+ cos @

y =sin @—cos @ —y =sin @+ cos @
x+y=2sin6 x—y=2cos @
ssing=21Y ccosf=2_Y
Sln20+C0520=1_)(“Tyj+(x;yj =1

* + 2xy + 4y +x2—2xy+y2 1= 2(x2+y2) Sl 4yt =2
4 4 4
(iii) x =sin@+ tan @
y =sinf —tan@
On adding, we obtain
x+y
2

x+y=2sin @ =sin 0=
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On subtracting, we obtain

x—y=2tan 0
= tan@zx_y
2
N sinf _x—y
cos@ 2
Xty x-—y
2 2
cos@
= 0059=x+y
x—y
Since,

sin@+cos>0 =1

(x+yj“+ x+y 1
2 x—y

(x+y)2 (x+y)2 _1
4 (x—y)?
= 4 — 4 =1

(x+y?® (x—y)
(iv) x=tan @ and y = tan 20

PROBLEM 2.17

In the acute-angled triangle OPQ, the altitude OR makes angles
A and B with OP with OQ. Show by means of areas that if
OP=q,0Q0=k,OR=r:kq.sin(A+B)=q.r.sin A+k.r.sin B.
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Solution: cos A= cos B =%
kg sin (A+ B)=qr sin A+kr sinB
L.H.S. kg sin (A + B) = kq (sin A cos B+ cos A sin B)

= kq[sin AL+ Dgin B]
k q
kq kq

=—-sinA+—sinB
k

k
=grsinA+krsinB=R.H.S.

PROBLEM 2.18
Given that ¢ =sin™' %, find cos a, tan o, sec , and cosec a.
Solution: Since,
a =sin'1l:a =30°
2
cosBOz—3 tana =—
2’ J3

seca = ,cosec o =2

2
J3

PROBLEM 2.19
Evaluate the following expressions:

(a) sin (cos ™ —)

V2

(b) cosec (sec'2)
(c) cot (cos™0)

(d) sin'1—sin*(-1)
(e) cos (sin' 0.8)

(f) cos™! (—sin£)
6



Solution:
1 Vd
(a) cos' ——==45°==
V2 2
sn®o L
J2
T 2
b) cosec (sec' 2) = cosec— =——
(b) =5
(¢) cot (cos™ O):cot%:()
d) sin'1—sin"' (-1 =£_(_£j:ﬂ.
@ =1 2 2
6
e) cos (sin”'(0.8))=—=0.6
(e) cos(sin™ (0.8)) 0

FuNcTIONS
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PROBLEM 2.20

Find the angle a in the graph (Hint: a + § = 65°).

Solution:

65°

50
0:\/

o+ f=65°
tan o +tan

tan(lag+B)=——M8M
( A l-tan o -tan 8

21

tan p =—

p 50

tan o + tan
tan(a+ﬂ):>tan65:—ﬂ
1-tan o -tan B



44 * MATHEMATICS FOR MECHANICAL ENGINEERS

tana +g
tan 65° = —5201 2l a2

1-tana -—
50

tan65 (1 —tan o (0.42)) =tan a + 0.42
tan 65 —0.42 = tan o tan 65° —tan a — 0.42
tan 65°—0.42 = 0.42tan a tan 65° + tan o
tan 65°—0.42 =tan a (0.42 tan 65°+1)
tan 65 —0.42 2.14-0.42
tang=—— = tang=——— ——
0.42tan65+1 0.42(2.14)+1

tano = LZ;S = tana =0.4079

tan—0.907
a =42.2° [Ans. 42.2]

PROBLEM 2.21

Let sech u =3/5; determine the values of the remaining five hyper-
bolic functions.

Solution: coshu = —coshu= 3

secnu

tanh® u + sech” u=1—>tanh2u+%=1:>tanhu=$§

coth u= —>cothu=$§
tanhu 4
sinhu 4 sinhu ) 4
tanh u= =>F—= =sinhuF—
coshu 5 5/3 3
3
csch u=

- =sechu=F—
sinhu 4

PROBLEM 2.22

Rewrite the following expressions in terms of exponentials; write the
final result as simply as you can:
(a) sinh (2 -In x)

1

(b) cosh x —sinh x
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(¢c) cosh 3x —sinh 3x
(d) In (cosh x + sinh x) + In (cosh x — sinh x)

Solution:
2 2 1
2Inx —2Inx Inx’ ~Ina® X —— 4
. —-e e —e PR |
(a) sinh (2Inx)= = = Lxx? =——
2 2 2x
1 1 1 1
<b) . = x —x x —x = 3x —3x 3x —3x = 3x
Coshx—smhx e +e- e —e e +e —e —e 2e
2 2 2 2
3x —3x 3x— —3x
. e +e e — €
(¢) cosh 3x —sinh 3x = -
2 2
B eSx + 873.1; _ eSx + e*Sx B 2873,\‘ L
2 2

(d) In (cosh x + sinh x)+ In (cosh x —sinh x)
In [cosh x + sinh x) + (cosh x —sinh x)]

In[(cosh® x —sinh*x)]=In1=0

45

PROBLEM 2.23

Solve the equation for x; tanhx=3/35.
. 3 e -e" 3
Solution: tanhx=—=——=—
e'+e’ 5
5 —e™)=3"+e")
5e¢"—5e " =3e"+ 3¢
5¢"—3e" =3¢+ 5¢”"
2¢"=8e¢ " +2
e' =4
e o e
—=4=e' i e'=4e" =4
o
2x=In4
_In4

2

X
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PROBLEM 2.24
Show that the distance r from the origin O to the point P (cosh u, sinh u)

on the hyperbola «* - y* = 1 is r = /cosh 2u.
Solution: (0, 0) (cosh u, sinh «)

1’=\/(x2 _xl)z +(y2 _91)2

r= \/(cosh 1 —0)* +(sinhu—0)?

= \/cosh2 u+sinh® u = \/cosh 2u

PROBLEM 2.25
0 lies in the interval —£<0<£ and sinhx=tand. Show that

cosh x =sec @, tanh x = sin 0, coth x = cosec 8, cosechx=cot §, and
sech x = cos .

Solution: (¢) since sinhx =tan @
sinh? x=tan® @

cosh’x—1=tan” @ (. sinh® x = cosh® x — 1)
cosh®’x =tan” 0 +1
cosh? x =sec” 6 (- 1+tan® @ =sec® 0)
= coshx =sec 8
sind
() tanhx = sinhx _tand _ cosh _sinf _ Gind
coshx sec@ 1 cos@
cost
1 1
(c) cothx = = =cosec 0
tanhx sin
1
(d) cosech x = = =cot @
sinhx tan@
1 1 1
sech x = = = =cos 0
(e) coshx sec@ 1

cos 6
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PROBLEM 2.26

Derive the formula: tanh™ x = lln 1+x

slx]<1
—-x
Solution: yztanh"lx:xztanhy
ol —el o
el et et
2y
e’ —1 [ :
x=21—:>x62’+x=62’—1
e’ +1
eﬂy:1+x
11—«
1+x
2y =1In a
1-—x
11 1+x
779
—x
1, 1+
tanh x = =ln—"2
2 1-—x«

PROBLEM 2.27
Find : lim[cosh_lx —In x]

X—>0

Solution: Iim (cosh™ x—Inx)= lim (ln(x +vx*=1=1In x))

X—>0

X

=lim[1+ x‘;lJ
X—>00 x
2_

=lnlim£1+ a 21]
X—>00 x

=ln(1+ﬂ)=ln2
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CHAPTER

PROBLEMS

PROBLEM 3.1

Find dy for the following functions:
dx
1. y=(-3)1-x)

5 y:ax+b

X
_3x+4
Y 2x+3

4, y=3x3—2\/;+%

ol

6. y=02x-11’Bx+2) +

(x-2)°

7. y=In(lnx)

8. y=In(cosx)

[Ans. 4 — 2x]

[Ans. a +bx']

[Ans. (2x —1)(3x +2)*(30x —1) — LS]
(x—2)
[Ans. 1 ]
x.Inx

[Ans. —tanx]
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. 3
9. y=sinx

10. yzcos"g(5x2 +2)
11. y=tanx-sinx

12. y=tan(secx)

13. yzcots(x-HJ
x—-1

cosx
14. =

x
15. yztan1/2\/2x+7

16. yzxz.sinx

17. y=cosec */5x
18. y=x[sin(Inx)+ cos(Inx)]

19. y=sin"' (5x7)

20. yzcotl(ler)
1—«x

21. y= tan " V4x® -2

22. y= sec (3x% +1)°

2

23. y=sin" +x’sec! [Ans.

[Ans. 3x” - cosx’]

[Ans. +30x sin(5x% +2) ]
' " cos® (5x% +2)

[Ans. sinx +tanx -secx]

[Ans. sec® (secx)-secx - tan x]

6 of x+1 of x+1
. 5+ cot -cosec |
(x-=1) x—1 x—1

[AHS. X‘SIDX"‘COSX]
2

X
[Ans 2\/2x+7 ]
9(tan" \/2x+7)(2 2x+7)

[Ans. x* - cosx + 2x - sin x]

5 ~_cot 5x
[Ans. 3+/5x 2 —]

cosec>+/bx

[Ans. 2-cos(lnx)]

[Ans. &]
J1-25x*
L)

[Ans. _
1427

2
6x ]

(42> —1DV4x> -2
18x 1
|3x2 + 1|«/(3x2 +1)° -1

[Ans.

[Ans

4x —x

Mla

—X

24, y= sin”' 2x.cos ™ 2x

2-xW(@2-

X
+2x-sec =]
2

v

e L e -1
[Ans. 2(cos™ 2x —sin 2x)]

V1 —4x2




25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

[ x(x+D(x—-2)
N+ D)(2x+3)

[Ans. =3

1 [x(x+1D)(x-2) 11
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3V +1D(2x+3)

% J/sinax - cosx

ST 2y 1+2-Inx
\/7_ x°tan ' x
J (3—2x)%x
y= sec (e*)
yz(cosx)ﬁ

y = (sinx)tanx

y =+/2x% + cosh® (5x)

y = sinh(cos 2x)
y=csc hl
x

y= 2 -tanh®Jx

. 3
sinx-cosx +tan” x

=In
y NE

y =log, sinx

y: *( —5x <2x 56514)

y=e¢" +tanx

1 1 2x 2}
J’_ i —

x+1 x—2 2*+1 2x+3
[Ans. ﬂzgy lcotx—ltdnx—
dx 87(2 2 1+21nx
[Ans. 2y 1 -
(1+x*)tan" x 3 2x
2
64“'—1

)
oJx

[Ans. y (1+sec” x - Insinx)]

[Ans.

(Incosx —2x - tanx)]

2x + 5cosh (5x)- sinh(5x)]

[Ans
\/2x2 +cosh?(5x)

[Ans. 2sin2x - cosh(cos2x)]

1 1 1
[Ans. —--csch—-coth—]
x X x

[Ans. x - tanh x/;(x sech®</x + 2tanh \/;)]

2 s 2 2 2
cos” x —sin” x +3tan” x-sec” «x 1]

[Ans :
sinx-cosx +tan” x 2x

[Ans. cotx]
In4

[Alls. <2x — 5651' >e(x2—365x)]

[Ans. <x2 5602 X+ 2xtan x) ex‘."tanx >]
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39. =79V
40. y= [ln(x2 + 2)2]cosx
41. y= sinh™ (tanx)
42. y=4/1+(nx)
e.\'
43. y=
Inx
44, y=x"log,(3-2x)

45. y= 2cosh™ g + %\/xQ -4

Solution:

1. y=@-3)1-x)

dy _

[Ans. _700880

[Ans

[Ans. 3x° log, (3—2)—

[Ans.

Jas cosecy/2x +3 cot+/2x +3

12 x? Vit +4

]

V2x+3 1

. 4x2- co;x —2In(x* +2)sinx)]
x4+
[Ans. |secx|]
An Inx !
> xy/1+Inx®
[An ex(xlnx—l)]
§. ——————
x(Inx)?
2°

(3—2x)1n2]

]

(x=3)(=D+1-x)(1)

=—x+3+1-x=4-2x

dx
2. yzdx—lrb=a+é=a+baf1
x x
3.

W o4 p1a)
d

X

y_2x+3_

+ +
Jit—4  2Jx 44 2

_3x+4 (20 +3)-(Bx+4)(2)

(2x +3)°
_6x+9-6x—-8 1

(2x+3)°  (2x+3)
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4. y=3x3 —2\/;+xi2

1
y=3x"—2(x)? +5(x)”

6. y=Q@r—1PBx+2° + 122=(2x—l>2(3x+2)3+(x—2)2
x_
%=(2x—1)23(3x+2)2(3)+(3x+2)32(2x—1)(2)—2(x—2)"3
X

=9(2x -1 (3x +2)* +4(2x - 1)(3x +2)* -

(x-2)°

=2x-1)(3x+2)*[18x -9+ 12x + 8] - 5
(x=2)

2
(x-2)°

=(2x—1)(3x +2)*(30x —1)—

7. y=In(Inx)
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8. y=In(cosx)
ﬂ_ | —sinx

dx  cosx Ccosx
. 3
9. y=snx =

d
3 2 2 3
—yzcosx x 3x” =3x" cosx

X

10. y=cos” (5x* +2)
y=-3 cos™* (B5x? + 2)[—sin(5x2 + 2)] x 10x

in (5x° +2
_ 30, SO ¥2)
cos” (5x”" +2)

11. y=tanx-sinx

dy _ i e
—L=tanx-cosx +sinx-sec” x
dx
sinx .
= X COSX +sinx x —
cos X Cos”~ x

sinx-cosx  sinx

2
COSX COoSs X

sinx

=sinx + X = sinx +tanx-secx

COSX COSX

12. y=tanx(secx)

d ,
9 sec” (secx)-secx - tanx

dx
13. yzcotS(}H-lj
x—1
%=3cot2(x+l) —COSGC2(X+1J (x—l)(l)—ox+1)
dx x—1 x—1 (x—1)

6 [ x+1 [ x+1
= 3 -cot” -cosec”
(x-1) x—1 x—1




14.

15.

16.

17.

18.

19.

DEeRIVATIVES ® §5

dy —xsinx—cosx
dx 1

y—tdn 22+ 7
dy 1 1
_:E \/2x+7 -sec \/2x+7><2 2x+7 ( )

dx
2 tan 2x+7 -sec’ 2+ T X ———u

ec*\2x+7
1
2[tan2 Vo + 7](2\/2x+7)

22+ 7

2 .
y=x"sinx

92 .
—==x"cosx +sinx-2x

y=csc *+/dx

, 5 cot 5x

cosec?+/5x

y =x[sin(Inx) + cos(Inx)]

y'= x[cos (Inx) -l+ —sinx(lnx)l} +[sin(Inx)+ cos(Inx)]x 1
x x

= (In x) —sin (In.x) +sin(Inx) + cos(Inx)
x

=2cos(Inx)

y= sin”! 5x2
dy _ (10x) =

i e e e
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20.

21.

y=cot1(1+x)
1-x

dy 1 =01 -0 +x)(=1)
dx (lﬁtx]2 (1-x)*
1+
11—«
~ 1 2
U=+ (42 A—x)
(1-x)
o Q-x 2
1-x)+1+x) (1-x)?
-2 -2

-2 -2 1

T 940y :2(1+x2) s

y= tan” v/4x® -2

dy_ L -l(4x3 —2)5 1247

de 14+(W4x® -2 2

B 1 67
1+(4x3 —2) (1/41»3 _2)
62 61

=
1-x)P?+1+x)°  1-2x+x>+1+2x+2°

dx

(\/4x3 —2)(1+4x3 _9) (\/4x3 —2)(4x3 -1)

—cot "t u=— 1 %}
1+u® dx

v —tan lu=— 1 d_u}
1+ u® dx
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22. y=sec’ (3x*+1)’

y' = 1 ‘ -3(3x% +1)*(6x)
|(3x2 + 1>3| (B3 +1)° -1

e isec’luz—l d_u
dx |u|\[u2—1 dx

18(3x* +1)* -x 18x

(B + 1B +1)° =1 (B +DYBx® +1)° -1

2
23. y=sin’'—

2—x

dy _
dx

2 X
+x"sec —
2

2(-1) . 1

1 '(2—x)(2x)—x ey 1
S e

2—x 21\ 2

i 2x

—

+sec” =
2
! d isec’1 1
1-u® dx dx |ulvu* -1
1 4x —2x% + 47 x* 1 o
= = 5 _ —+sec” —-2«x
[ B * (xJZ_l
2-x 2[\\2
@
= dx—x ! >+ 2 +2xsec” =
@—xP—(x2)? @2=x) |y |(x) ) 2
(2-x)? 2/\\ 2




58 ° MATHEMATICS FOR MECHANICAL ENGINEERS

24, y= sin”' 2x.cos ™ 2x

d
y in! 1 1ox !

— =—sin" 2%+ ————=-2+COS

dx 1—(2x) 1-(2x)? '

—2s1n 2x 2cos ™' 2x 2(005‘12x—sin_12x

INTEESE \/1 (2x)? V1-447

x(x+1)(x—2)
2 Y= e Der s s)
x(x+1)(x—-2)

(x* +1)(2x +3)

In =ln( x(x+1)(x—2) jS
S @ D @r+3)

Iny=1In3

lny— [Inx+ln(x+1)+ln(x 2)—In(x*+1)—In(2x+3)]

l@_l[h 11 2 }
yde 3[x x+1 x-2 2+1 2x+3

@_g{l+1+1_2x_ 2}
de 3lx x+1 x—-2 2*+1 2x+3

2

1 [x(x+1D)(x-2) [l 1 1 2x
=—3 =+ + _
3V (x* +1)(2x +3)

t+1 x—2 £2+1 2x+3

}



26.

27.

DERIVATIVES
% sinx - cosx
L
1+2Inx
4 N
lnygzln sinx - cosx
1+2lnx
1
4 sinx-cosx |2
—lny=In| —————
5 1+2Inx
4 1 .
glny=E[ln(smx)+ln(cosx)—ln(1+2lnx)]
dy 5 [1 1 2
——=—y| -cotx——tanx -———
dx 8|2 2 x(1+2nx)
\/1—_ x”tan x
/ (3-2x)/x
1 x®tan x
In(y)?2=In| ——
!/ [(3—296)3/;}
= %lny=51nx+ln(tan1x)—1n(3—2x)—%lnx
d
Ly s 1 11,1
2 ydv x tan"x 1+a° 3-2x 3x
ﬂ:zi/é 01 = + 2 _i
dx X (14+x*)tan" x 3-2x 3x
i 1 2 15-1
=2y 5 —+ +
| (I+x")tan” x  3-2x 3«
I 1 2 14
=2y s+ +—
| (I+x)tan” x  3-2x Sx}
y= sec” (e*)
dy 1 o 2

59
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29.

30.

31.

32.

33.
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y =(cos )V

Iny= Jx In(cosx)
. 1
1%2 \/;[_Slnx}rln(cosx)-éxQ

y dx cosx
dy _
dx 2\/_

y = (sinx)tanx

—2xtanx]

Iny =tanxIn(sinx)
1ldy cosx

=tanx-
y dx sinx

+In(sinx)-sec® x

ﬂ =y{tanx - cotx +In(sinx)- sec” x}
X

=yftanx- +sec” xIn(sinx)}

tanx

=y{l+sec® x-In(sinx)}
1
y =+/2x% + cosh® (5x) = y[ZxQ + (305112(590]E

%: l[2x2 +cosh?(5x)]— %[41‘ +2cosh (5x) - sinh (5x) - 5]
X
_ 4x+10cosh(5x)-sinh(5x)

2\/2x2 + cosh?(5x)
_ (2x+5cosh(5x) - sinh (5x)
2x% + cosh?(5x)

y =sinh (cos 2x)
% = cosh (cos 2x) - (—sin 2x) - 2 = —2sin 2x cosh (cos 2x)
x
y= cschl

x
d
Y _ —cschl . cothl . [—izj = izcschlcothl

dx X x X X x x



DERIVATIVES

34. y= x> tanh®x

35.

36.

37.

38.

39.

dy 1
—L =4 . 2tanhx -sech®Vx -
7= 2tanhyr-sec Jx W

=xtanh\/;[sech2\/;i+2tanh\/;j
Jx

=xtanh\/;(sech2\/x_‘-\/;+2tanh\/;)

. 3
SInx-cosx+tan” x

=1
y=1n NN

y=ln(sinx-cosx+tan3 x)—Inx

+ 2xtanh® Vx

dy sinx(—sinx)+ cosx(cosx)+3 tan®x-sec’x 1
dx sinx-cosx + tan® x 2x

2 . 2 2 2
_cos”x—sin x+3tan"xsec”x 1

sinx-cosx + tan® x 2x
y =log, sinx
dy 1 1 cot x
— = -——CoSx =
dx sinx In4 In4

y: "c —5x <2x 5e5u>

d
_y_ *—5x (2T 56511)
dx
y= ¢ tan’
d Ctny, 2 S
G _ gt (x* sec” x + 2x tan x)
dx
y= 7cscv2x+3

dy 2
= 7ese2ess (—cse/2x + 3 -cot/2x 4+ 3) - ———
dx 242x +3

_ _resedEs CSC\/Q,“C +3 cot\/QA +3
V2x+3 1

61
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40.

41.

42.

43.

y=[In(x* +2)*]cosx

y =sinh™' (tanx)

y=+/1+(nx)*
=
v Inx

y=21n(x2 +2)-cosx

%=21n(x2 +2)-(—sinx)+cosx-2-

X

dy
dx

4x. .
oSy —2In(x” +2)-sinx

> +2

1

V1+tan®x

SeC2 X

2
+sec X

=Ssecx.
secx

1

y=1+n? x)?
dy_1 B !

dx

dy
dx

1
(1+In®x)2 -2lnx-—
2 X
2Inx Inx

2x
2 +2

[As1+ tan® x = sec® x]

1 =
9x(1+1In?x)? xy1+(Inx)?

! 1
Inx-e* —e* - =

In” x

e’ (lnx—lj
N X)X

In®x X

e (x-Inx-1)

x-Inx



44. y=x310g2(3—2x)
dy 5 1 1 )
Yoo (-2 +10g,(3-2x)-3
dx * 3-2x ln2< )+ logy( x)-3x

—2y3

= +3x%-log,(3-2
ln2(3—2x)+ © - logy(3-2x)

45. y=2cosh"l-§+% X’ —4

dy 1 1 1 2x 1
B R — b
dx (sz 2 2 9x2-4 2
)
2

_ 12 N x> —4
\/x -4 2\/x -4 2
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PROBLEM 3.2

Verify the following derivatives:

d 1Y 1
(a) a|:5x+(\/;+$j :|—6—x—2
(b) %[\/;(axz +bx+c)]=

1
(5ax* +3bx +c¢)
2/x

Solution:

d 1Y 1
( ) dx{5x+( x+$j ]=6—x—2

L.H.S.=5x + (vx)* +2/x - T{%T
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:5x+x+2+l
X

=5x+x+2+x"

—Br+x+2+xH=5+1-1x"

x
~6- L —RHS.
x
(b) i[x/x_‘(axz +bx+c] = 1 (5ax* +3bx +¢)
dx 2Jx
L.H.S. =Jx(ax® +bx +¢)

= Jxax® +Jxbx +xc
1 1

1
=()2ax® + (x)2bx + (x)2 ¢
CRE
ax? +bx? +(x)2¢c

50031 5 1o o
—| ax? +bx? +cex? |=—ax? +—=bx? +—=cx?2
dx 2 2

3 1 -1
-1 5ax? +3bx® +cx ﬁ
2 Vx

301 11 1

-1 1
1 5ax? -x2 +3bx2 -x2 +cx 2 -x2
2x

1 .
(5ax* +3bx +¢)=R.H.S.
2x

PROBLEM 3.3

Find the derivative of y with respect to x in the following functions:
2

u
(a) y_u2+l

(b) y=Ju+2uandu=x>-3

and u=3x-2
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Solution: o
= and u =3x" -2
(@) y u2+1an u=3x
@_ (W +1)-2u—u*-2u
du (u* +1)
_ 2u® + 2u—2u° _ 2u
(u® +1)* (u® +1)*
2y
uS (3x2 _2)3
and u=3x"-2
= @ =9x?
dx
Now,
u=3x"-2
dy _dy du
dx du dx
dy  2y° NN 182% -y
dx  (3x*-2)° (3x% -2)°
2 2
[Ans. %
(3x* =2)
(b) y=\/5+2u and u=x>-3
1
y= (w)? +2u
1
% = 1 w42
du
= +2= 1 +2
onu o2x* =3
@z 2x
dx
dy _dy du (1 ),
dx  du dx | 94x* =3
_—2x —4x
2x* -3
Y 4y [Ans. + 4x]
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PROBLEM 3.4
Find the second derivative for the following functions:

1 3
(a) y=(x+;)

(b) f(x)= 2x+2\}/_§ at x=2
x

(c) x* —2xy+y’ —16x=0

Solution:
1 3
(a) y= (x + —)

= y=(x+l)-(x+l)2
x x

= (x+lj(x2+2x-l+(lj2J
X X X
=(x+lj(x2 +2+i2j
X X

: 1 1
=2’ + 2+ —Fr+=+—
b X X

3 1
=2’ +3x+=+—
X X

y'= 3x? +3-3x%-3x7*

y"—6\”+£+E
o [Ans. 6x+%+%]
x>

b) f@):@ﬂf at x=2
X

=2 (x)é +242 (96)_3l
y'= \/Elx%l + 2\/5(—l)x_23
2 2

7= ()2 ~2m( (D)
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at X =

\/773 [Ans. 6]

PROBLEM 3.5
Find the third derivative of the function:

y=ls*

Solution:
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m__ 3
8y
PROBLEM 3.6
u , (vu"—uv")—20'(vu' - uv')
Show for y=— that y"= 5 .
v v
Solution:
, ou —uv
y=—"%—
v
s O(ou" +u'v") = (uo" + 0'u') - 200" (vu" —uv’)
04
y»_ O(ou" +u'v"—uo" +v'u') - 20" (vu' —uv')
1)3
» v(ou" —uv") =20 (vu' —uv’)
03
PROBLEM 3.7

n..n

Show for y=u-v that y" =uv+3u'v' + 3u"v" + u"v.

Solution:
y' =uv'+ou'
y"=(uo" +0'u)+ou" +u'v'
y"=uo" +0"u +0'u" +u" +u" v +u V" + o'
y" =uv"+3u'v" +3u"v" +u"v
PROBLEM 3.8

Show that y=35x" —30x” + 3 satisfies (1—x7)y" —2xy’+ 20y + 0.
Solution:
y' =(35)(4)x> — 60x
y' =140x" — 60x
y"=(140)(3)x* — 60
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y"=420x* — 60
L.H.S.=(1-x)y"—2xy"+20y =0
L.H.S.=(1-x7)(420x — 60) — 2x(140x” — 60x) + 20y = 0 =R.H.S.
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PROBLEM 3.9

Find % for the following implicit functions:
x

2

(a) & +4x y—5y =3

) Jy 1=y
(c) Bxy=(x* +y 3)2

d) x*+x-tan'y=y

(e) sin 1(:wcy)=cos'1(:7c—y)
() y*-sin(xy) = tanx

(g) sinhy=tan’x

Solution:

2
(a) x° +4x y—5i:
x

On differentiating with respect to x,

dy
1 1 5|:x'(2y>_y '1}
3x% + 4{x(%)(y)_2 ﬂ + (y)z} - dx

dx 2

X

1y 1 10xy—= il -5y
3x + 2x(y) * l_y+ 4(y)? —L

dx ) 1

=0

= 3x? +2x1/ ﬂ+4y —10xy - x~ %+5y2x’2=0
dx dx

dy _3x +5y 2y +4\/7
dx 10 7ly_&

Ju
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(b) \xy +1=y
1
(xy)§+1=y
14 j_ﬂ
= z(xy) (xdxﬂ/ oy
1 1
= %(xy)zx% + 3 (xy)?y =

Z: 2.\/xy :2\@—96
2\xy —x
2,/xy

3/2

(c) 3xy = (x* + yS)
On differentiating with respect to x, we obtain

dx

3xﬁ+3y—3(x +y) [3& +3y2

dy}
d

1
S[x-ﬂ+y-l}=§(x3+y3)2 d(x +y°)

dx

:%(x3 +y°)?- {31 +3y* ley}

3 313 3 3l 2
B +y)? 3y —:§<x +y7)? 3% =3y
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(d) x* +xtan” y =y

‘ d _
dy (1+y2)(3x2)+xd—z+tan 1y(lerz)

dx 1+y2

1+ yQ)ﬂ— x% 1+ yg)(Bx2 +tan™ y)

ﬂ 1+ yg)(Sx2 +tan"' y)
dx 1+ y2 —x

(e) sin™ (xy) = cos™ (x — n

1 dy 1 dy
—2 x7+y :_—2 —
1—(xy) ax 1-(x-y) dx

x dy 1 1 dy

1=y d \/1 T ey
{\/1 (x—y) Jl i y) J@
_[ﬁ \/1 i y) ]

d_yzy\/l— x—y) +\/1—
dx \/1—(xy)2—x\/1—




72 ° MATHEMATICS FOR MECHANICAL ENGINEERS

() yz -sin(xy) = tanx

On differentiating, we obtain
: d d :
y’ cos(xy)(x—y + yj + 2y—y~ sin (xy) = sec” x
dx dx

yz cos (xy) x@ +ycos(xy)y + 2yﬂsin(xy) =sec’ x
dx dx

@ 3 sec® x — y3 cos(xy)

dx 2ysin (vy) + xy* cos (xy)
(g) sinhy=tan®x
dy

coshy—*=2tanx -sec’ x
x
dy 2tanx-sec’x

dx coshy

PROBLEM 3.10

Prove the following formulas:

d 2 u
(a) —cotu=—cosec u-—
dx dx

d u
(b) ——cosecu =—cosecu-cotu-—
dx

dx
1 du

d
(c) —cos u—m T

(d) —sec'u= du

1
dx _|u|«[u2—]_ dx

(e) isinhu =coshu du
dx x

du
(f) 5 —cosecu = —cosechu-cothu-—

dx dx
1 du

V1+u® dx

(g) ismh lu=—o
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d 1 du
(h) —sech'u=——1———.—
dx |u|ﬂ1—u2 dx
Solution:
d
(a) —cotu= coseciu L
dx dx
sinu| —sinu— |—cosu| cosu—
LHS=i cosu | _ dx dx
T da| sinu sin® u
du
=w@=—%=—csczud—u= R.H.S.
sin” u dx sin” u '\
(b) £ cosecu =—cscu-cotu
dx X
—cosudu -1 cosudu

L.H.S.zi( 1 }z
dx | sinu

du
=—cosecu-cotu— =R.H.S.

X
1 du

V1-u dx

() —cos " u=—

dx
Let,

—(cos”

dx

] =cos'u=

du . dy
— =—siny—
dx dx
:—\/I—MZQ
1 dx
dy_ 1 du
dx N1—u dx
. 1 du
u)=

J1-u? Z

sinu dx  sinu  sinu dx

Su= Cosy

u

73
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<d> isec’lu—;.@
dx |ulﬂu2—1 dx
Let y=sec’ u= u=secy
dy
— =secy-tany—
dx dx "
3
du _ N e dy Ju"~1
dx dx
= : isec u= du 1
h u\/u -1 dx
(e) (—sinhuzcoshu-d—u
dx X
L.H.S. =ismhu— d e —c =l e”d—u—e”(—@J
dx dx 2 2 dx dx
_¢ tedy =coshudy =R.H.S.
2 dx dx
%) —-cosech u = cosech u - coth u@
dx X
L.H.S.=icosechu=i 1
dx dx sinhu
_sinhu-O—l-coshx
sinh?u
=- 1 -COShud—uzcosechu-cothuﬁzR.H.S.
sinhu sinhu dx

X

Let y= sinh"u=u= sinhy
du_ coshy - dy
dx dx
ﬂ 1 du
dx  coshy dx
Since,

cosh? y—u =1

= costh—u2 =1
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= cosh? y=1+ u?
= coshy=\/1+u2
dy_ 1 du
dx 1+ dx
d 1 du
(h) —sech'y=————n-—.—
dx | u | V1 — u2 dx
Let y= sech’u=u= sechy
du_ —sech - tan y@
X dx
@ o 1 du
dx sechy-tanhy dx
Since, sechzy + tanh? y=1

u® + tanh?® y=1

tanh? y=v1- u?

ﬂ: 1 @zR.H.S.

dx _|u|«[1_u2.dx

PROBLEM 3.11
Show that the tangent to the hyperbola x? —y2 =1 at the point

P(coshu, sinhu), cuts the x-axis at the point (sechu, 0) and except
when vertical, cuts the y-axis at the point (0, cosechu).
Solution: x* —y* =1= 2x—2yy'=0
, 2x
2y
The slope at p(coshu-sinhu) is

Yy
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m= coshu =cothu
sinhu
y —sinhu = coth u(x — coshu)
‘osh
y—sinhu = cosau (x —coshu)
sinhu

) xcoshu —cosh® u
y—sinhu =

sinhu
ysinhu —sinh® u + cos® h* u = xcoshu
ysinhu =xcoshu -1
At
At

aly=0=x=sechu

alx=0=y=cschu



CHAPTER

APPLICATIONS OF DERIVATIVES

PROBLEMS

PROBLEM 4.1

Find the velocity v if a particle’s position at time ¢ is s =180t — 16¢%.
When does the velocity vanish? Solution:

s =180t —16¢*
vz%zlSO—Szt:180—32t:O:>180:32t
t= 15120 =5.625sec (Ans. 5.625)

PROBLEM 4.2

If a ball is thrown straight up with a velocity of 32 ft/sec, its height
after tsec is given by the equation s=32¢ - 16¢>. At what instant will
the ball be at its highest point? And how high will it rise?

Solution:
v =32 ft/sec,s =32t — 16t
%:32—3% =32-32t =0 ..t = 1sec
s =232t —16t> =32(1)-16(1)*
§s=32-16=16 ft (Ans. 1, 16)
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PROBLEM 4.3

A stone is thrown vertically upwards at 35m/sec. Its height is
s=35t—4.9¢> in meters above the point of projection, where t is
time in seconds later.

(a) What is the distance moved, and the average velocity during the
3" sec? (from t=2 to t=23)?

(b) Find the average velocity for the intervals t=2 to t=2.5, t=2 to
t=2.1;and t=2 to t=2+h.

(c) Deduce the actual velocity at the end of the 2" sec.

Solution:

(@) v=35m/sec, s =35t — 4.9t
v,, = as = As=s(3)—5(2)
At
—(35(2) - 4.9(2)°) = (35(3) — 4.9(3)*)
As =(105—-44.1)— (70 —19.6)
=60.9-50.4=10.5m

10.5
U = —
av 3 _2
=10.5m/sec
_ 2 _ _ 2
b) As _ (35(2.5)—4.9(2.5)* —(35(2)—4.9(2)%) _19.95m/s60
At 25-2
2 2
o, = As _ (35(2.1)-4.9(2.1* —(35(2) - 4.9(2)*) 14,91 m/sec
At 2.1-2
As (35(2+h)—4.9(2+h)* —(35(2)—4.9(2)%)
U ==
“AL 2.5-2
o - (T0+35h—4.9(h* +4h +4)— (70 —19.6))
wo 2+h)-2
(704 35h —4.9h* —19.6h —19.6) - 70+19.6) _15.4h —4.9h°
h h
h(15.4—4.9h)

= — =15.4-4.9hm/sec
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(c) Atthe end, the height h=0
15.4-49h=15.4-4.9(0)=15.4m/sec

(Ans. (a) 10.5,10.5; (b) 12.95,14.91,15.4— 4.9, (c) 15.4)

PROBLEM 4.4

A stone is thrown vertically upwards at 24.5 m/sec from a point just

a little higher than cliff’s ledge. Its height above the ledge tsec later

is 4.9t(5—t)m. If its velocity is vm/sec, differentiate to find v in

terms of ¢:

(i) When is the stone at the ledge level?

(#1) Find its height and velocity after 1,2, 3, and 6 seconds.

(#ii) What meaning is attached to a negative value of s? A negative
value of v?

(iv) When is the stone momentarily at rest? What is the greatest
height reached?

(v) Find the total distance moved during the 3" second.
Solution:
v=245m/s
s=49¢t(s—1t)
- Average rate of change
CAs L 49t +A)(s—t—At)—4.9t(s 1)
v=lim— = lim
AS'A)OAt As—0 At
s=4.9t(s—t)=24.5t —4.9¢"

s(t+ At)—s(t)

lim—=lim:
As—OAE A At
i 24 -s(t —At)—4.9(t + At)* —24.5t —4.9¢>
et At
24 - st +24-sAt — 4.9t —9.8tAt +4.9t> —24 - st
= = lim
As—0 At
o 24-st+24-sAt — 4.9t —9.8tAt + 4.9t — 24 - st — 4.9¢
=t At
. 24-sAt—9.8tAt  (24-5s—9.8t)At
= lim =
250 At At

v=24-5—9.8¢
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(i) when v=0
v=24-5—9.8t=0

24.5s—98t=0=>24-5=9.8¢
t=2.5sec.

(ii) s(1)=4.9(1)(s—1)=19.6m

and v=24-5-9.8(1)=14.7 m/s
5(2)=4.9(2)(s —2)=29.9m
and v=24-5-9.8(2)=4.9m/s
5(3)=4.93)(s —3)=29.9m
and v=24-5-9.8(3)=4.9m/s
5(6)=4.9(6)(s —6)=—29.4m
and v=24-5-9.8(6)=-34.3m/s

(ii1) The negative valve of S means that the stone is below ledge; the negative
valve for v means a storm is blowing.

(iv) v=0=>24-5-9.8(t)=0
: t=2-s
s=4.9(2-5)(s—2-5)=30.625m

(v) (30.625-29.4)=2.4sm, the total distance traveled during the third
second.

(Ans. v=24.5-98¢; (i) 0,5; (i) 19.6,29.4,29.4, —29.4;
(i) 14.7,4.9,-4.9,-34.3; (iv) 2.5;30.625; (v) 2.45)

PROBLEM 4.5

A stone is thrown vertically downwards with a velocity of 10m/sec,
and gravity produces on it an acceleration of 9.8m/ sec’:

(a) What is the velocity after 1,2, and 3 t sec?

(b) Sketch the velocity-time graph.

Solution:

v= IOE; a=9.8m/s
s

The velocity after time ¢ is 10 +9.8¢.
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V4
30
20
/ r. 1 2 3 6
10 y 19.8 29.6 394 10+9.8¢
1 2 3 2
(Ans. 19.8,29.6,39.4,10+9.8¢)
PROBLEM 4.6
A car accelerates from 5km/h to 41km/h in 10 sec. Express this
acceleration in (i) km/h per sec., (ii) m/sec.’, and (iii) km/h>
Solution:
(i) a =£ =L_5 = 3.6k—mper sec
At 10 h
(i) a=>82X1000 0 e [+ 1h=3600s,1km =1000 m]
3600
(iti) a=3.6x3600=1296km/h’
(Ans. (i) 3.6; (1) 1; (i) 12960)
PROBLEM 4.7
A car can accelerate at 4m/sec’. How long will it take to reach
90km/h from rest?
Solution:

a=4m/sec’, velocity =90km/h
90(1000)
v=——"———

=25m/s
3600
a=&=§=4:>At =6.25sec
At At

(Ans. 6.25)
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PROBLEM 4.8

An express train reducing its velocity to 40km/h has to apply the
brakes for 50 sec. If the retardation produced is 0.5 m/sec? find its
initial velocity in km/h.

Solution:
Velocity =40km/h t = 50sec
a=0.5m/sec’
a=£=0.5=&=Av=25m/S= 25 x 3600
At 50 00
=90km/h
Av=1v, —v, =90 =v, —40 = 130km/h (Ans. 130)

PROBLEM 4.9

At the instant from which time is measured, a particle is passing
through O and traveling towards A, along the straight line OA. It is
sm, from O after t sec, where s=1t(t—2)*
(i) When is it again at O ?
(ii)) When and where is it momentarily at rest?
(#ii) What is the particle’s greatest displacement from O, and how far
does it move during the first 2seconds?
(iv) What is the average velocity during the 3" second?
(v) At the end of the 1" second, where is the particle, which way is
it going, and is its speed increasing or decreasing?
(vi) Repeat for the instant when t=-1.

Solution:

(i) t=0t=2sec
At t =2, for the particle at 0,

(i) v=t{t -2 =t({t> -4t +4)
=t —4¢% + 4¢
d—U=3t2—Ot+4
dt

3t-2)(t—-2)=0 = .. either(t—-2)=0
t=2
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Or (3t—2)=.‘.t=%
3
SAtE=2 = s=t(t—-27=2(2-2*=0
2
At t:% = (9=%(%—2) =§m
3 303 27

(iii) The particle’s greatest displacement from 0 is %m,h,t during the

first 2seconds.

32 64
IX—=—m
27 27
_ _ 2 _ _ 2
(iv) V, = & _ s(3)—s(2) _ 3(3-2)"-2(2-2)  3ms
At 3-2 1

(v) Att=1,s=1(1-2)* =1m from 0, it is going from O to A (lie OA)
v=03t-2)(t-2)=(3(1)-2)(1-2)=-1m/s
v'=3t"-8t+4 a=6t—8att=1

=6-8m/s*a,v<0

(Vi)At t=—1=s=—(-1-2)>=-90m from O (i.e., 9n from O on
AO); it is going from O to the negative side of A.
v=(-1-2)(3(-1)-2)=15m/s
a=6(-1)-8=-14m/s*
Since v >0 and a <0, the speed is decreasing.
(Ans. (3) 25 (1) 0,32/27; (iii) 64/27; (iv) 3;
(v) OA; inceasing; (vi) AO; decreasing)

PROBLEM 4.10

A particle moves in a straight line so that after ¢ sec it is sm, from a
fixed point O on the line, where s=t"+ 3¢> Find

() the acceleration when t=1¢#=2, and t=3.
(i1) the average acceleration between t=1 and t=3.
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Solution:
(i) t=1t=2,
s=t'+3t> = v=4+6t=>a=12t*+6
a=12t*+6

t=1,a=12+6=18m/s”
t=2,a=12(2)* +6=12x4+6=54m/s"
t=3,a=12(3) +6=114m/s>
A v(3)—0v(1)
At 3-1
4x3°+6x3-(4x1+6x1)
2

(ii) a,

=58m/s’

(Ans. (i) 18,54, 114; (i) 58)

PROBLEM 4.11

A particle moves along the x-axis in such a way that its distance xcm
from the origin after t sec is given by the formula x =27t —2¢>, what
are its velocity and acceleration after 6.75 sec? How long does it
take for the velocity to be reduced from 15 cm/sec to 9cm/sec, and
how far does the particle travel mean while?

Solution:
x=27t-2t°v P a P t=6.T5sec
v=27—4tanda=—-4
(i)Att = 6.75 v=27-4(6.75)=0cm/s; a =—4cm/s’
(ii) As, v=27—4t;15=27 -4t t = 3sec
and 9=27T-4t=>t=45
: At=4.5-3=1.5sec
(#ii) x=27x1.5-2x(1.5)* =36cm

(Ans. 0, -4, 1.5; 36)

PROBLEM 4.12

A point moves along a straight line OX so that its distance xcm from

the point O at time tsec is given by the formula x=t> -6t +9t.
Find:
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(i) atwhat times and in what positions the point will have zero velocity.
(#) its acceleration at these instants.
(iii) its velocity when its acceleration is zero.

Solution:
(i) x=t"—6t>+9¢ find
v=3t"-12t+9=0=(t-1)(t-3)=0

either t=lort=3
x(1)=1-6x1+9x1=4cmand
x(3)=27T-6x9+9x3=0cm

(ii) a=6t—12att=1=>a=6x1-12=-6cm/s

at t=3 = a=6x3-12=6cm/s

(lll) a=6t-12=0=>t=2

v(2)=3x4-12x2+9=-3cm/s

(Ans. (i) 1, 3;4, 05 (ii) —6, 6; (iii) —3)

PROBLEM 4.13

A particle moves in a straight line so that its distance xcm from a
fixed point O on the line is given by x = 9¢> — 2t> where t is the time
in seconds measured from O. Find the speed of the particle when
t =3. Also find the distance from O of the particle when t=4, and
show that it is then moving towards O

Solution:
x=9t* - 2¢°
v=18t-6t> = v(3)=8x3-6x9=0cm/s
2(4)=9x16—-2x64=16cm
v(4)=18x4—-6x16 =—-24cm/s
©0(4) <0, hence the particle is moving towards O

(Ans. 0,16)

PROBLEM 4.14

Find the limits for the following functions using I'Hopital’s rule:
5x% —3x sin t*

(1) lim——— (2) lim

x>0 Ta® 41 =0 1
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2x — t-1
(3) lim=——= 4) Em"2
x-’% CcOSsX =0 it
1—si .o
(5) Lim sinx (©) limsm:vc cosx
=71+ cos2x z
4
2 — 1 2 -1
(7) lim x® —(Bx+1DVx + (8) limx(c.os:c )
x>l x—1 20 sinx—x
. 2
(9) limx.csc®~/2x (10) lim sm.x
x>0 x—)Ox-SIDx
5
(Ans.a);;(z)o; (3)—2; 4(4 )—— 5)— (6)N2; (7
Solution:
0
5x% —3x
1. limx—:>Use LHopital’s rule
0 Ta® +1
o 10x-3 = 10 5
=lim :>1 m—
X0 14x \~>ool4 7
0
int2 o 2.9
2 lim I L im S = 6(0)-2(0)=1x0 =0
t—0 t t—0 1
-7 2%‘” 0
3. lim = == use L'Hopital’s rule
17 COSX oS T
2
lim——2 =2 9
0 0
ost —1 —sint — t
4. im< ~ S LI T L
t—0 t- =0 9Ot t—0 9 92
9 9 sin "
—q 0 —COS 0 1
5 lLim 1-sin 2 bim cosx 2 im sinx p)
H§1+0052x Hg—?.sin%c 1%7—400521 " _4cosw

(9)— (10)1)

1
4
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0
hmsmx—cosx:0>hmcosx+s1nx: 1 N 1 _f2
e S RN N -

2 X 2
2
rngx?-®x+mJ§+2 21 —(3+ V1 +2
11 =
x—1 xr—1 1-1
2—-4+2 0
_z-evs D . Use L'Hopital’s rule
1-1 0

1
4x—®x+n1x2—J¥3
lim: 2

x—1 1

3x+1
dx—| 3Jx +
[ 2%?}

lim
x—1 1

B 3(1)+1
4(1) [(3ﬁ>+ ol }

1
4—(3+4j
__ . 2)
1
= 4-5 =_1
1
osx -1

lim x{cosx —1) = 0 = 0 -.use L'Hopital’s rule
=0 ginx —x sin0—-0 O

~ x(=sinx)+(cosx —=1)(1) O(-=sin0)+(cos0—1) 0

= hm = —
=0 cosx—1 cosO0—1 0
- x(~cosx)+ (=sinx)(1) —sinx
= lim x—1

=0 —sinx

. xcosx+2sinx  OcosO+sin0 0
lim = -

=0 sinx sin0 0
y x(—=sinx) +cosx +2cosx  0(-sin0)+ cos0+ 2cos0
im =

=0 CcosXx cos0

:0+1+2:3

1



88 ° MATHEMATICS FOR MECHANICAL ENGINEERS

9. l‘ilrl(}xcsc2 V2x =0csc?/2x0 =0x 0. use L Hopital’s rule

lim— = 0. lim 1
=0 ¢y 2 N 0 a x> )
0sin”y2x 0 OZSin\IZx-cos 2x - 2
2 2x
limi = 0 [ 2sin+/2x - cos+/2x = sin 2+/2x ]
=05in24/2x 0

2
22x 1 1

1
HOcosZ\/Z_xxﬂ 0200s24/2x  2c0s0 2
22
2 .2 O
10. lim ot = ©) 29 use L'Hopital’s rule
=0 xsinxy  O0sin0 O

. cosx” - 2x 0
s Jim - =—
=0x(cosx)+sinx-1 0

(—2xsinx2)+cosx2-2 0+2 2
s Jim = -2
0 (—sinx)+cosx+cosx O+1+1 2

PROBLEM 4.15

Find any local maximum and local minimum values, then sketch each
curve by using the first derivative.

(1) f(x)=2"—4x>+4x+5 (Ans. max.(0.7,6.2);min.(2,5) )
(2) flx)= :Z ;i (Ans. min. (0,-1))
3) f(x)= x°—5x-6 (Ans. max. (-1,-2); min. (1,-10))
4) f(x)= xé - xé (Ans. min. (0.25,-0.47))
Solution:
(1) flx)=2"—42" +4x+5
f(x)=3x"-8x+4=0
2

= Bx-2)(x-2)=0=> ..x=—,2

53
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+ + - — + +
2
2 \
2

<« The function has a local max at x = 3 and local min at x =2.

RACY

yl
x | f(x) 9
0 5 6
2
E 6.2 3
1 6
2 5 _7 ] 3 2 > X
3 8
-3
-1 (x> +1)-(2x) - (x* = 1)(2x)
2 x)= = f'(x)=
@) fW=s T
3 . Oa3 .
:21 + 2x 2x2+21: 4x 0120
2 2
(x +1) (x +1)
- + o+ o+ o+
]
fix) = |
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(3) f(x)=x5—5x—6:>f’(x)=5x4—5=5(x4—1)=0
= 5x-1D(x+1)x*+1)=0

Y |
x | f(x) §
)
2 28 5
-1 =2
0 -6
1 | =10
2 21
4 1 _2
(4) f'(x)=§x3 ——x3=0
1
= s(4x-1)=0=>x=—
3x3
- - + o+ 1
« | ® The function has local minimum at x =—.
\ 2 /
4
X f(x)
-1 2
025|-047
1 0
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PROBLEM 4.16

Find the interval of the x-values on which the curve is concave up
and concave down, then sketch the curve:

(1) f(x)=%+x2—3x

(2) f(x)=x2—5x+6
(3) f(x)=x3—2x2+l
(4) f(x)=x4—2x2

Solution:

(1)

3

f(x)=}"§+x2 —3x

f’(@:%xz 1 2r—3=0= (x+3)(x-1)=0

x=-3,1
f"(x)=2x+2=0= x=—1inflection point
£
1"

2+2=4>0 concave up

—6+ 2 =4 <0 concave down

(Ans. up (-1, ); down (—c0,—1))

- The interval of the x-values in which the curve is concave up at

(=1,90) and concave down at (-, —1).

S (=)

6.9

9

3.7

-1.7

0.3

(2) flx)=2"-5x+6= f'(x)=2x-5=0=>x=25

f?(x)=2>0 = Concave up the curve

x is concave up when the value is up
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y

2“
X | f(=)
1 2 1
2.5]-0.25 i ——t —
1] 3.7 -2 -1 \/z 4 6
1 [ -17
2] 03

(Ans. up (-0, 0))
(3) flr)=x2-22"+1= f(x)=3x"—4x=0

= x(3x—4)=03x=0,§
n 2. . .
f"(x) =6x -4 =0= x =—inflection point
n 14 4
f"0)=0-4<0=and f (§j=8—4>000ncaveup

. The interval of the x -values in which the curve is

2 2
Concave up at (5 oo) and concave down at (—oo, gj

y]l

[/

-1 2

0 1 | | ]

T | 1 X

0.7] 04 M 1 ;

1.3 -02

]. e
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(4) fl)=x'-2x"= f'(x)=42° —4x=0

=

4x(x*-1)=0 = x=0,-1,1

f'x) =122 —-4=0=x= i%inf lection point s
f"(-1)=12-4>0= min

f"(0)=0-4<0= mal
f"(1)=12-4>0= min

The intervals of x-values which the curve is

concave up (—oo 1 and 1 oo | concave down 1
x | f(x) Yy
2| 8 8
-1 -1
06|06 6
0 0
0.6 0.6 4
1 -1 2
Ans.u (—oo—ij (L ooj- down(—L L]
.up \/5 s \/5: 5 \/ga \/g

PROBLEM 4.17

Sketch the following curve by using the second derivative:

X
1) y=——
( )y 1+x

Solution:

(1) y

X

1422

dx

_1+x2—2x2

L dy

7 2)y=—x(x=7)", 3) y=(x+2(x-3), 4) y=2"(5-%)

_ (1+x%)-1—x-(2x)

(1+x2)?
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ﬁ_ Q4+ (-20) -1 —-2M)2(1+x%)-2x  1+22)(-2x)—(1—22)2(1 + %) - 4x

A’ (1+22) 1+
_ —2x —2x° —4x +44° _ —bx+ 2 B 2x(x* —3)
(1+22)° (1+2)° (1+2)°
d*y  —2(1-
At x=—l—>—g=L§>>O:>min
dx®  (1+1)
Y
-1 -1+
x | f(x)
21 04 i i X
-11]-0.5 1 2
0 0
1 | 05
2104
(Ans. max. (1, 0.5); min. (-1, —0.5))
(2) y=—x(x— = y= —x(x? —14x + 49)
= y' =—x(2x —14) + (x* —14x + 49)(-1)
=217 +14x — 1 +14x — 49 = -3x" +28x —49 =0
7
= —(x—7)(3x—7)=03x=5,7
y"=—6x+28
T 7 .
At x=§:>y =-9 g +28 >0 = min

At x=73y"=—6(7)+28<03max
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Y 4
20
X ¥ -2
0 0 | | | X
I 50 D | [
7 1-50.8 4 g8 10
3| =36 1
41 05
0 7 40 4
10| -90
60

(Ans. max(7, 0); min (2.3, —50.8))
(3) y=(x+2f(x—-3)

= y' = +2P 1)+ (x—3)2x—2)=(x" +4x +4)+(2x —6)(x — 2)
=x" +4x+4+ 2 +4x—6x-12
=3x"+2x -8
= (x+2)Bx—-4)=0
x=—2,é
3
y'=(6x+2)=Atx=-2, y"=6(-2)+2<0
At x=é :y"zG(éj+2>0
3 3
y
10

5
v 280 |12 18]0 D ~, w R .
—-10
-15
—-20
-25
-30

(Ans. max. (-2,0);min(1.3,-18.5))
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(4) y=5x2—x3
= y'=10x-3x" =0
= x(10-3x)=0
= x=0,£
3
y"=10-6x=atx=0=y"=10-0>= min
y"=10—6x:atxz%:y"=10—6(%j<0:max
30
25
20
15
10
_ 5
x| -210(1(10/3|5 o
X
v |28 10]4185 3 =2 14-5¢ 1 2 3 4 5 6

—10

(Ans. max(3.3,18.5); min(0, 0))

PROBLEM 4.18

What is the smallest perimeter possible for a rectangle of area 16 in®?

Solution:

Area =16
L is the length of the rectangle.
W is the width of the rectangle.

Then the area is A=L><w=16:>L=E

N
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The perimeter is P =2(L +w) = 2(E + wj

w
ﬁzz(_lf+1J=0:>W=i4andL=E=i4
dw w +4
d’ d’
_P:6_{§:>Ath_€: 643 =1>0Min
dw w dw”  (4)
d? d?
P:6—Z§:>atW=—4:> p3= 643=—1<0:>Max
dw w dw”  (-4)

- The smallest perimeter is P = 2(L + w) = 2(4 + 4) = 161n.
(Ans. 16)

PROBLEM 4.19

Find the area of the largest rectangle with its lower base on the
x -axis and upper vertices on the parabola y=12-«*

Solution: The length of the rectangle is 2L
The width is W, and the area of = A =2L*W. |
The parabolais W =12-I". A ‘\ x-axis
A=2L12-1%)=24L -2} L -
d—A=24—6L2 =0=>L==42
dL
and W=12-(+2) =8
2 2
I or—an=2=9A - 1959- 94<0=Max
dL dL
2 2
d—éz -12L =atL=-2 :>L—= -12x(-2)=24 >0 =Min
dr: 16

- The area of the largest rectangle is A =2x2x8=32.
(Ans. 32)

PROBLEM 4.20

A rectangular plot is to be bounded on one side by a straight river
and enclosed on the other three sides by a fence. You have 800m
of fence at your disposal. What is the largest area you can enclose?
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Solution:
W is the width of the plot.
. w
L is the length of the plot.
The length of the fence is
2W + L =800
- L=800—-2W L
Then, area A=LxW = W(800-2W)
=800W —2W* W

d—A:800—4W:O:W:200 and L =800 — 400 =400
w

d’A

dw?

- The largest area is A =200 * 400 = 80000 m>.

=—4 <0Max

(Ans. 80000)

PROBLEM 4.21
Show that the rectangle that has the maximum area for a given

perimeter is a square.

Solution:
L is the length and w is the width of the rectangle.

The perimeteris P=2(L+w)= L= g —w.

The area is A=wa:>A=§w—w2.

d—A=£—2w=0:>w=£andL=£—£=£
dw 2 4 2 4 4
2
T4 0= Max
dw
- The maximum area of the rectangle of a given perimeter P is a square

where L=w=£.
4



APPLICATIONS OF DERIVATIVES © 99

PROBLEM 4.22

A wire of length L is available for making a circle and a square. How
should the wire be divided between the two shapes to maximize the
sum of the enclosed areas?

Solution: r is the radius of the circle.
x is the length of the square.

The wire length is L =27r +4x = x = l(L —27r).

1 .
The total areais A=zr* +x> => A=mr" + E<L —27r)%

dA

—=27rr—£(L—2ﬂr)=O:>r=
dr 4 8+2rx
d*A T i

— =27 ——(27)=27+—>0=Min.
dr* 4 2

Hence, the maximum value of A on the endpoints of the internal area is

OS27WSL:>OS1’S£

27
at r=0:>x=£:>A1=L—
4 16
2
r=£:>x=0:>A2=—
21 4
2 2
Since A, =L—>Al _L
47 16

Hence, the wire should not be cut at all, but should be bent into a circle.
(Ans. All the wire should be bent into a circle.)

PROBLEM 4.23

A closed container is made from a right circular cylinder of radius r
and height h with a hemispherical dome on top. Find the relation-
ship between r and h that maximizes the volume for a given surface
area s.
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Solution:
. 2
V=m’h+=r’r
3
2
V = zr? ><S6—r7[+%r37z
rw
. 2
V= lsr 3 +=r’n
2 3
V= lS + érs' -9 +2r’n
\% =ls +l7‘8’ -7z
¢ 2
\% =ls +lr>< 18r —Trnm
2 2
0= és +9°% 7 —Tr'x
0=3r7+2rh+2rnr
0=3r+2h+2r
5r+2h=0
s=4rirx
S 2
=
47

hzs—4r27r: P
2z 2x£xn
eNp
b= s—2s __ S
NEEN NN
]

NE

(Ans. r=h=\/%)
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PROBLEM 4.24

An open rectangular box is to be made from a piece of cardboard
8 in wide and 15 in long by cutting a square from each corner and
bending up the sides. Find the dimensions of the box of largest

volume.

Solution: L is the length and W is the width and H the height of the rectangular box.

The length of the cutting a square is x.
. Thelength =8 —2x.

The widthis =15 - 2x.
The heightis = x.
V=LxWxH
V =(8-2x)(15—-2x)x
V = (120 —16x — 30x + 4a”)x
V = (120 — 46x + 4x°)x
V =120x — 46x° + 4x°
d—Z=120—92x+12x2 :%:0:[0:120—92“12&]%
30-23x+3x> =0
3x® —23x+30=0
(Bx=15)(x—-2)=0

3x—15=0:3x=15:x=%:x=5

x—-2=0=>x=2
V =(8-2(2)(15-2(2))
V=4x11x2=88m?

(Ans. height =5/3; width =14/3; length = 35/3)






CHAPTER

INTEGRATION

PROBLEMS

PROBLEM 5.1
Evaluate I (x> —=1)-(4—x*)dx

Solution: J'(xz —1)-(4—x")dx
[ (4® —x' 44 x)d
[ (52® —x* —4)dx

3 5 n+l
SL_Y__@H_C {.'jx"dx: i +c}

3 5

n+1

(Ans. gxs —%xs —4x+c)

PROBLEM 5.2
Evaluate _[ex -sine"dx

Solution: .f -sine*dx = Ismu ~du=-cosu+c

je -sine*dx =—cose* +¢

(Ans. —cose” +¢)
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PROBLEM 5.3
Evaluate Itan (3x +5)dx
Solution: Itan (3x+5)dx
[I tanu-du=—In|cosu|+ c]

= éf3tan (3x+5)dx

=—lln|cos(3x+5)|+c 1
3 (Ans. —gln | cos(3x+5)|+¢)

PROBLEM 5.4

j cot(Inx) da

Evaluate

t(1
Solution: jwdwc

X

-du =In|sin(l
J'cotu du=In|sin(Inx)|+¢ (Ans. In|sin(Inx) |+ ¢)

PROBLEM 5.5

J-sinx+ cosx

dx

Evaluate
cosx

sinx + cosx

Solution: j —dx
Cos X

sinx cosx
= I + dx
COSX COSX

j (tanx + 1)dx =—In|cos(x)|+ x+¢

(Ans. In|cosx|+x+¢)

PROBLEM 5.6
Evaluate I _
1

dx

Solution: I .
+ cosx
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dx 1-cosx
j x
1+cosx 1-—cosx

1—cosx 1 COSX
:>I — dxzf ————— |dx
sm- x siIn“x  sSIx
= [ese? x — cotx - esex]dx

[As fcscz udu = —cotu +c¢

J- cscu-cotu-du=—cscu+c]

dx
I =—cotx+cscx+c
1+ cosx

(Ans. —cotx+ cscx+c)

PROBLEM 5.7

Evaluate Icot(2x +1)-cse® (2x+ 1) dx

Solution:
J.cot (2x+1)-csc®(2x+ 1) dx = —%jcot (2x + 1)(—2csc® (2x + 1)dx)
=—l><w+c=—lxcot2 Gx+1)+c
2 2 4
d
[As—(2x+1)=2
dx
o u f(x)m—l
[ (Fer frade=="—]
|
(Ans. —Zcot 2x+1)+c¢)
PROBLEM 5.8
dx
Evaluate | ——
I V1-9x°
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Solution:
I 1 du=sin' L4 C
a—u’ a
j 1—(3x)dx
_lj' 3dx
37 J1-(3x)?
d
As=(3x)=3
(As o (3x)=3)
dx o
I— =—sin"~ (3x)+c¢
J1-9x2
(Ans. —sin™'(3x) + c)
PROBLEM 5.9
dx
Evaluate
I [2 _ x2
. d.
Solution: J‘\/% dx Here, y=x a=+2

(Ans. sin™ +c)

1 =

PROBLEM 5.10

Evaluate Ie“ - cosh e**dx

. 2x 2x
Solution: |e¢™* coshe™*dx

2x 21
Here, u=¢e", du=2e"

jezx coshe®dx = %I (2e*)coshe* dx = %sinh e +c¢  (Ans. %sinh e +c¢)
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PROBLEM 5.11
Evaluate I e

Solution:

As,

and

-cosxdx

J. e “cosxdx

J‘e“du =e"+¢

u=sinx
du = cosx

sinx

jesmx cosxdu=e""" +¢

(Ans. ™ + ¢)

PROBLEM 5.12

Evaluate J' dx

3x

e
Solution:

I d;f = J.e’gxdx
e

je" ‘du=e" +c¢

u=-3x,du=-3

1 -3x _ 1 —3x
—gje (=3dx) = —ge

1 3x
Ans. ——e" +c
(Ans. =2 )

PROBLEM 5.13

e
Evaluate I e

X
Solution:

-1

dx

I%dx :>je—\/§dx - J‘%dx

1

Ie" =du=e"+c
u=+/x
1
duzlx 2
2

ox
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N 2}6&[2\1/;@)—.[%@

=

Il

=
Lo

1

2
=2¢V" —%+c

2
:2eﬁ —2\/;+c

(Ans. 2e" —2/x + c)

PROBLEM 5.14

Evaluate Ix(a + b\/Sx)dx, where a and b are constants.
Solution:
[ s

Ix(a+b@)dx=f (ax +b3x - x)dx Jx =22, x2 —x' =12

3
=j (ax + b/3x2)dx
; 5
ax® x2 ax®  2b[3x2
=—+bJ3—+c=|—+
2 f§ 17 5

| o

+c
2

5
= %[Saxz +b4a/3x2 J +c

5
(Ans. L(&mz + b4 3x2J +c)
10
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PROBLEM §5.15

Evaluate I dx 5
-1—x
. dx du 1, u

Solution: I—l—xg J.az - —Ztan ;+c

—dx dx

= =— u=x,du=1,a=1
14«2 I 1447
—tanx+c¢
(Ans. —tan™"'x + ¢)
PROBLEM 5.16
Evaluate IM
1+sin”6
Solution:
0do 1
I cos 5 =J 5 (cos0)do
1+sin“@ < 1+(sin®)
du 1 Lu
I 3 s=—tan —+c
a+u a a
u=sin@du=cosfa=1
J- cos@
1+ (sin6)?

=tan ' (sin@) +¢

(Ans. tan™' (sin8) + ¢)

PROBLEM 5.17

Evaluate J' % cse lcotl dx
x X x
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Solution:

LJ

xZ

=Csc— + c
X

1 1 1 1
j—zcsc—-cot—dx csc— cot—
x x x

= —J. CSC— cot

——(—csc +

d1l xx0-1 1
_— X

o
=

[I cscucotu-du=—cscu+c|

dx x x s (Ans. csci+ c)
PROBLEM 5.18
Evaluate j Sxtl
m
. 3x+1
Solution: Im
= jL”ldxzj (32 + 22+ 1 (3x + 1) dx

(32> +2x+1)%

1
:%I (32 +2x+1) 3(6x+2)dx

2

1 (3x+2x+1)° , e
3

=B +2x+1)7° +¢

(Ans. %S\I(sz +2x+1)7 +¢)

PROBLEM 5.19

Evaluate I sin(tan@) - sec’0do
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Solution:
J. sin (tan 0) - sec*0d6O

jsinu.du =—cosu+cand u = tan O du = sec® 0

Isin (tan @) - sec*’0dO = —cos(tan 0) + ¢

(Ans. —cos(tan®)+c)

PROBLEM 5.20
Evaluate I Va? —axtdx

Solution:

f\/xz —xtdx =J.\/x2(1—x2)dx

=J‘x2(1—x2)%dx=j () (1)

1 s
1 —(1—-a7)?
=——J‘—2x\/(1—x2)dx=2 5
2
=—% 1-x2) +¢

(Ans. ‘%*"1 2 +0)

PROBLEM 5.21

sec® 2xdx

Evaluate IW

Solution:
J- sec” 2xdx

~tan 2x

1
= j sec”(2x) - (tan 2x)2 dx
1 L
= §j2 sec (2x)- (tan2x) 2dx
1
1 (tan2x)?
2 1/2

= /tan2x +¢

+c
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PROBLEM 5.22
Evaluate I (sin@ — cos@)*d@
Solution: [(sin@—cos0)*do
= I (sin® @ —2sin O cos @ + cos® 0)dO
As sin®@+cos’0=1
=I (1-2sinfcosb)db

2
cos™ @

=0+2 +c=0+cos’O+c

[ ff (x) f'(x)dx = fw

n+1
f(x)=cos@
f'(x)=—sin@ —(2cosOsin G)
=2cosB(—sin )]

cos> @

(Ans. 6+2 +c=0+cos*0+c)

PROBLEM 5.23

Evaluate I m dy
Solution:
Y
y du 1. L u }
=|—=2—-yd =t —+
(y2)2+1y d [ J‘aZJruQ aan a ¢
a=1u=y2du=2y
1 1
=—|—2d

—ltam"l ‘+e
B Y

(Ans. %tan_ly2 +c)
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PROBLEM 5.24

dx
Evaluate | ———
‘[\/;(x+ 1)
Solution:
1 1
——d
J.f (x+1) '[ (x+1) \/¥ *
=

[ & ‘I( peane

1
[Here,a=1 u=+x du= %(02]

1 1
=2 , dx
I1+(\/¥)2 2x
=2tan'(Wx)+¢
(Ans. 2tan'Vx + ¢
PROBLEM 5.25
2 5 2 5
Evaluate jt3(t3 +1)3dt f(x)Z{tS-i-lj
Solution: 52
' =243
f'(x) 3
% 5 2 &
[ERGEI [ £ f 1)l
E E n+l
3¢52 7% 2 3(3 +1)3 _ S
gj§t3<t3 +1)3dt Zg § +c n+1 c
3
9 g £
=2 (5 11
25( +1)% +

5 5

9 2 2
o+ +
(Ans 25( )? +c)
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PROBLEM 5.26

Evaluate J' dx
1 4
1+x°
4

1+x ) de

4 4 %
U— 5(14x5(14 x5 )J dx
41
5)2 41
=§M+C=E(l+x5)2 +c
4 1 4

2

4
=§\/1+x5 +c
2

Solution: I

4

(Ans.g 1+x° +¢)

PROBLEM 5.27

' 4x)?
Evaluate (cos” dx
j J1-16x>
cos”~ 4x)
Solution: J
J1-16x7
1
-1 2
= J-<COS 49(?) de
Since, acos’1 u=- \/117 du
Let, f(x)=(cos™" 4x)*

f'(x)=cos™ 4x| —

1
J1-164° ]
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——j cos™ 4x) - dx
1—(4x)
= ——j cos ' 4x) — dx
1—(4x)?
__lleosmdaP —(cos™ 4x)’ +¢
4 3
(Ans. ——(cos™ 4x)* +¢)
PROBLEM 5.28
dx
Evaluate | ——
I e -1
dx
Solution: | ———dx
[
:—sec —|+cC
J.u\/u -a’
u=2xdu=2
d
= 2|l——
=sec” (2x) +c (Ans. sec™' (2x) +¢)
PROBLEM 5.29
Evaluate I dx 3
(e"+e™)
dx
Solution: j
(e"+e*)
1 2
sechu = =

u

cosh e +e
2
:lj‘[ _ 2 - j dlejsechzxdx
4 e +e™" 4

=iJ‘ tanx +c¢

—u

J sech*udu =tanhu +¢ (Ans. ltanhx +c)
4
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PROBLEM 5.30

Evaluate I g’ @

X
Solution:
sdy 1 2 2dx du = a’
Inx _ Inx a au +c
a1 I
1,21 a=3u=Inx"
=37 e [
du :—2
_ 1 Inx? T X
2In3 _2x
=3
1 Ina2
Ans. "t
( 2In3 )
PROBLEM 5.31
txd
Evaluate coorar
In(sinx)
Solution:
1
J'thdxzj—cotxdx
In(sinx) In(sinx

=In(Insinx)+¢
[since J.ldu =lhu+c
u

u=In(sinx)] (Ans. (Insinx) +c)

PROBLEM 5.32
(Inx)*

X

dx

Evaluate I



INTEGRATION © 117

Solution:

flx)=(Inx)*
, 1
fllo)=—
x
Inx)?
z(nx) c==(Inx)’ +c¢ 1
3 (Ans. g(ln x)® +¢)
PROBLEM 5.33
Evaluate I %dx
cos” x
Solution:
J-sinx-gese” " :j 1 sinx o
Cos” X COSX COSX

d

2

= jese°‘(secx -tanx)—secx” +secx tanx
X

J.es”du =e" +¢
u=secx

du =secx +tanx ;
(Ans. e**““ +¢)

PROBLEM 5.34

Evaluatej dx
x-Inx
Solution: I dx = éi
xlnx x Inx
=In(lnx)+c

[Since Ilduz lnu+c
u

u=Inx

du =1

x (Ans. %(ln 2 +¢)
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PROBLEM 5.35

Evaluate IL
cosh@ + sinh @
Solution:
0 -0 0, -0
IL; sinhg=2"¢ , coshg =% re
cosh @ +sinh 2
dé de o 1 (e
= ".69-{-6_6 o0 _ o0 :I69—6_9+e‘9+e_‘9 ZZJ‘ydé’— e ’de
2 2 2
=—’+c
(Ans. —e™? +¢)
PROBLEM 5.36
2x _ 82x
Evaluate dx T _ox
| Jr Jut =2
Solution: \/172 _9?
9 _ g% " g2x — 93(21) _ gbr
7 (o
X 6x u
22 e[ -27)ds _a
2 Ina
=J.dx—J.25xdx=x—lJ.25x5dx u=>5x
5
951 du=5
=x—= +c
5In2
25x
- 51n2
1
(Ans. x— Slno e’ +c)

PROBLEM 5.37
tan~! 2¢

Evaluate I le
+

dt

t2
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Solution:
etarf1 2
1+ 4t
! 1
= etan 2t dt
I 1+ 4t
= jetan_l2t %(lt
1+(2¢)

[since J.e“ -du=¢e" +c

w=tan " 2¢
1
du=——-2]
1+(2¢)
tan”' 2¢
1 - 2dt
4 . dtz_J‘etcm 2 .
1+4¢ 2 1+(2¢)
_ letalfl 2t +c 1 1
9 (Ans. _etan‘ 2t + C)
2
PROBLEM 5.38
t
Evaluate I corx dx
csex
Solution:
CcoS X
cotx sinx
dx = dx
J‘cscx J. 1
sinx

Icosxdxzsinx+c .
(Ans. sinx+¢)

PROBLEM 5.39
Evalute j sec’ x-tan® x dx

Solution:
J. sec’ x-tan® x dx

sec’ x =(tan’x +1)
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I sec’x-sec’ x-tan’ xdx = J sec” x (1 + tan® x) tan” x)dx
= J. [sec® x(tan® x + tan® x)]dx
= I tan” x(sec” x)dx +I tan® x (sec” x dx)

6 4
tan x tan x
6

+c

1 1
(Ans. —tan® + —tan*x+¢)
6 4

PROBLEM 5.40

Evaluate I csc’3x dx

Solution:
Icsc 3xdx
= Icsc 3x-csc” 3xdx
= Icsc 3x(cot? 3x +1)dx
= J.csc 3x-cot’ 31dx+jcsc 3xdx

[since j esc®u-du=—cotu+c

_[f(x) = cot 3x
If'(x) =—csc? 3x- 3]

1 1
(Ans. ——cot® 3x ——cot3x+c¢)
9 3

1 1
J cse! 3xdx = —§COt3 3x —gcot3x +c

PROBLEM 5.41

3
cos' t
Evaluate I ——dt
sin~ ¢
3
cos” t
Solution: I ——-dt
sm- ¢
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N J-cost-coszt dt
sin® ¢
cost(l1—sin®t cost
=N | <' _ >-dt=I —--dt — [ cost -dt
sin~ ¢ Sin
cost 1
=I — - — -dt—j cost - dt
st sint
:I cott-csct-dt —cost - dt
=—cosect —sint +c¢
(Ans. cosect—sint+c)
PROBLEM 5.42
4
sec’ x
Evaluate I —dx
tan «x
Solution:
( : J
4 4
sec” x cos” x 1
I - ~dx:J — 'dxzj ——-dx
tan x sin” x sin- x
cos* x
=J csct x-dx
_J‘ 2 2 .
= csc” x-(cse” x)-dx
= I cse” x-(cot> x+1)-dx (- ese? x =1+ cot® x)
(. d—cot x=—-csc’x)
X

=jCsczx.cot2x~dx+fcsczx-dx
=—j csczx-cotzx-dx+fcsczx-dx

cot® x
=— —cotx+c
3

1
(Ans. —gcot3 x—cotx+c)
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PROBLEM 5.43

Evaluate I tan” 40-do

Solution:

J. tan® 46 -d6

Since,
2 2
tan"u=sec u—1

=.[ (sec®40-1)-do
:ijl 560249-4-d9—1d9

f sec® u.du=tanu +c

u=460 du=4

=ltan40—9+c 1
4 (Ans. Ztan 46-0+c¢)

PROBLEM 5.44

Evaluate I le—xxdx
+e

Solution: J‘ le_xt dx
+e

Il-duzlnu+c
u

u=1+e"

(Ans. In(1+e)+c¢)

PROBLEM 5.45

Evaluate I tan®2xdx
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Solution: _[ tan® 2x - dx

tan® 2x=tan x - tan” 2x
= I tan 2x - tan® 2x - dx
tan” 2x = (sec” 2x —1)

= J. tan 2x(sec” 2x — 1) dx

= J. tan 2x - sec” 2x - dx —j tan2x-dx('.‘ itanx =sec’ u @)
dx dx

=1J‘ tan 2x - sec’ 2x-2-dx—j tan 2x - dx
2

. 2
—>—j tan 2x - dx
2

1
2
l-tan2 2x—lJ‘ tan2x -2 - dx
4 2

1 ; 1
=—-tan” 2x ——-In | cos2x | +¢c
4 2

1 1
(Ans. Ztan2 2x + Eln | cos2x | +c)

PROBLEM 5.46

Eval _[ sec> x
valuate 2+ tanx
Solution:
sec” x
| dx
2+ tanx
sec x
= j— -sec” x - dx
2 +tanx
. 1
[Slncej—du =lhu+c
u
let u=2+tanx

du = sec” x]

J-—‘~ sec’dx=In(2+tanx)+c¢
2+ tanx (Ans. In(2 + tanx)+c¢)
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PROBLEM 5.47

Evaluate I sec’ 3xdx

Solution: Isec4 3xdx
= J.sec 3x-sec” 3x - dx
= Isec 3x-(tan® 3x+1)-dx
= jsec 3x-(tan® 3x - dx +.[sec 3x-dx
J.sec u-du=tanu+c
u=3x
du=3
f(x)=tan3x

f'(x)=sec®3x-3

jsec4 ?)x-clx:ljt:/:trl2 3x -sec” Sx-S-derlJ.sec2 3x-3-dx
3 3
=—-——+—-tan3x+c¢
3

(Ans. étan3 3x+ %tan 3x+c)

PROBLEM 5.48

Evaluate J' N e Srdt
+e

Solution: jl e —-dt
+e

1 ’
= jlwm-(e -dt)

L
=y

————du=tan" u+c
a +u
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e _
-[1 2tdtztanle“rc
+e

(Ans. tan" e + ¢)

PROBLEM 5.49

COS \/_

Evaluate j

Solution:

cosf dx
j -dx j cos~/x - \/_

1O | =

u=~xdu=

1.
2

(x)2 =

1
o/x

cos/x dx
J. N -dx=2_|.cos\/;-2\/;

=2sinv/x +c (Ans. 2sin\/;+c)

PROBLEM 5.50

Evaluate I - dx

sinx . cosx
Solution: J- dx 2dx J- 2dx I2csc2xdx
sinx-cosx J2sinx-cosx 7 sin2x
Since, J.cscuduz—ln|cscu+cotu|+c
dx

=I csc(2x)-2-dx

sinxcosx

=—In|csc2x + cot2x | +¢

(Ans. —In|csc2x + cot2x|+c)
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PROBLEM 5.51

Evaluate j J1+siny dy
Solution:
J.mx«, —siny J.,/ —sin®
J1-siny s1n
1-sin®y=cos’y= J‘,/cos —smy dyf (1-siny)
f'(x)=—cosy

1

Y e 2
jcosy.(l—siny) 2 -dyz—wnLc:—Z/lJrsiny +c

2

(Ans. —2,/1—sinyc)

PROBLEM 5.52

dx
(x> +1)(2 + tan'x)

Evaluate j

Solution:

dx 1 dx
J' -2 TN J. 1N 2
(x> +1)(2+tan" x) (2+tan" x) (1+x°)

Ildu =lhu+c
u

u=2+tan ' x

du = 12
1+«
O 1
—tan" u= du
u 1+u
dx

I (x> +1)(2+tan™" x)

=In@+tan™ x)+¢ (Ans. In(2+ tan™" x) + ¢)
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PROBLEM 5.53

inhxd
Evaluate j sin”! (cosh x)M
\J1—cosh®x
Solution:
sinhx - dx

J sin " (cosh x) —
\/1-cosh®x

f(x)=sin""(coshx)

fx)= . sinhx
J1—cosh? x ,

u =coshx

du =sinh x

. .1 \\2
jsin_l(coshx) sinhx - dx :(sm (coshx)) e

J1—=cosh?x 2

(Ans. %(sinh'1 (coshx))* + c)

PROBLEM 5.54

Evaluate I ﬂ
1-sin“ @
Solution:
J- cos0do
1-sin*@
N jcos@odﬁz‘.‘ 1 .0
cos 0

cos@

=.‘- secdf = In|secO+tanf|+c

(Ans. In|sec@ +tané | +c)

PROBLEM 5.55

dx

Evaluate j m
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Solution:
J‘ dx _ J‘ 1 @
x(1+(Inx)*) Y A+(Inx)*) x
=tan '(Inx)+c¢
Since

2 2

1 S u 1
J. . du=tan"'=+¢, u=Inxdu==
a +u a X

(Ans. tan'(Inx)+ ¢)

PROBLEM 5.56

9 5 x
Evaluate J‘(e“ —2¢4 +e4de

Solution:
9. 5, %
J.(e“" —2e* +e4}dx
9. 5, x
= '[84 dx—J.2e4 dx+je4dx
As J.e“du =e" +c

gJ‘eZ" (%dx) — 2§jez (%dxj + 4je%dx

9y 5, z
=ée4A —§e4 +4e* +c
9 5

4 % 83

x

(Ans. §e4x —gezx +4e* + c)

PROBLEM 5.57

Evaluate Ifx;‘lx
e +2e" +1
Solution:
J- edx
e +2e" +1
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As e +2% +1=(e"+1)°
e.\‘ x -2/ x
[mdx:j (" +1)2(e"dx)
it flx)=e"+1,f'(x)=¢"
j edx (e"+1)" 1
+c=

A +2 41 -1 (" +1)

PROBLEM 5.58

Evaluate I e* -sinh2x dx

—X

e —e

Solution: Ie" -sinh 2x dx since sinh x =

2x —2x 3x -x :
I(T]d: [

= %I(e‘?x - )dx = %(J.e%dx - J.e’xdx)

= %(% e’ de) - (—J‘e’x . —ldx)

PROBLEM 5.59

x

3 sina
sec x+e
Evaluate I—dx
secx

Solution:

3 sinx
sec’ x+e .
j—dx = j (sec® x + €™ ) cosx dx

secx
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Since, f sec’ u-du=tanu+c
=secx
CoS X
=Cosx
COS X
sec’ x4+ e s
I—dxztanane‘ "+ .
seet (Ans. tanx+e™" +¢)
PROBLEM 5.60
E l 3x+2
valuate dx
-[ 2+9™
Solution:
3x+2
c+1 dx
2+9°
3x+1 . 31 — 3,\~+2
9x+l — <3x+l )2
du 1. L u
I ;5 ——tan —+c¢
a +u a a
and a>=2a=+/2
u= 3x+1 du — 3x+] . IHS
d u u du
—a"=a"lna—
du dx
3x+1
PTTETeRC
24+ (3"
3 1
-

— | ———53""-In3dx
m32+ 3™

= 3 tan™ 3
J2In3 J2

+c
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PROBLEM 5.61

Eval cosxdx
a atej - :
vai \/smx-\/l—smx
Solution:
1 Ccosx
I —dx
JJ1—sinx sinx
COSX
=

1
J‘ﬂ/l—sinx ‘ sinx

a —u a
y=,/sinx
1 - Ccosx
= dy=—(sinx) 2 -cosx =
J 2 2. /sinx
1 Cosx
= 2 . dx=2sin"' ({fsinx)+c¢
J‘1—(sinx)‘ 2. /sin x

(Ans. 2sin™" /sinx + ¢)

PROBLEM 5.62

Evaluate I tan® xdx

Solution: = Itan x-tan® xdx

= I tanx(secx® —1)*dx
tan” x = (sec’ x —1)
= j tanx(sec’ x —2sec’ x +1)dx
=I tanx -sec” x dx —J tanx - 2sec” x dx +_[ tanx dx

=I (tanx - secx)sec” xdx—ZI tan x - sec’ x+J. tan x dx
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=J (tanx - secx)sec” xdx—ZI sec(tanx - secx)dx +I tan x dx
1
=Z+sec4x—seczx—ln|cosx|+c

1
(Ans. Zsec4 x—sec’x—In|cosx|+c)

PROBLEM 5.63

o d
Evaluate j emsm . v
1-x?
Solution:
Insin™! x dx . | dx
J.e _ =.f sin” x-
1—a" 1-x7
(sin” x)?
- 2 e 1. ., .
(Ans. E(sm x)" +c¢)
PROBLEM 5.64
Evaluate I x-e* dx
Solution:
J-xe“ﬁ’ldxz Ie“ “du=e"+c
and u=x>—1du=2x

2 1 2 1 -
J.xe" ’1dx=—J.2xe“ Tdv=—e""+c
2 2

1 .-
(Ans. —e* ' +¢)
2

PROBLEM 5.65
Evaluate I cosh (In cosx)dx

Solution:
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Incosx —Incosx
e

= J‘—j; dx = éj‘[el"c‘m 4o ]dx

1
= EJ. (cosx +secx)dx

=E[sinx+ln|secx+tanx|]+c

1
(Ans. E[sinx+ In|secx+tanx|]+c¢)

PROBLEM 5.66

Evaluate J cos ¥ dx

sin® x
Solution:
cosx
J. ——dx
sin” x
cosx 1
= I ———dx
sinx sinx

=J.00tu-cscxdx

=—-csctc (Ans. —cscx+c)

PROBLEM 5.67

cosxdx

Jsin®x—1

Evaluate I cosh™ (sinx)

Solution:
j cosh™ (sin x)—cos xdx
yJsin®x —1
If f(x)=cosh™ (sinx)
Then, fx)=

1
————— cosx
JJsinx—1
o, cosx dx cosh™ (sinx)*
cosh™ (sinx)- =

= +c
1/sinzx—l 2

(Ans. %I:cosh_1 (sin x):l2 +c)







CHAPTER

METHODS OF INTEGRATION

PROBLEMS

PROBLEM 6.1
3

x
Evaluate j 1 dx

3
X

x—1

dx

Solution: I

3 2
j(x2+x+1+ ! jdx:x—+x—+x+ln(x—1)+c
x—1 2 2

(Ans. éxs +éx2 +x+In(x—1)+¢)

PROBLEM 6.2
3x+2
Evaluate j 3x—1 dx
Solution: J‘ Bx—2 dx
3x—1
:Il+ 3 dx
3x—1

=x+InBx-1)+c¢ (Ans. x+In(3x=1)+c¢)
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PROBLEM 6.3
Evaluate J-xz ce "dx

Solution: |x?¢™*dx

As udv :uv—jvdu-[xze’xdx
Here, u=x" dv=e"
du=2x y=—e"

J.x2e"xdx =yl — J.—e_x 2x

Integration by part u=2x dv=—e"
du=2 v=—e"
= Ixze""dx =—x"e " —2xe™" —J. e 2
= J‘xze’xdx =—x"e " —2xe™" +J‘e’x -2
= et —2xe "t —2e7 — ZJ‘e’x cdy=—xe —2xe —2¢ " +c

2 —x 2 —x —x —x
J.x e dx=—x"e" —2xe " -2 +¢

(Ans. —e* (x®> +2x+2)+¢)

PROBLEM 6.4
Evaluate jx-sin xdx

. . 2
Solution: |x-sinx”dx

j sinudu =—-cosu+c
u=x> du = 2x
lJ-szinxzolx=—lcosx2 +c 1
2 2 (Ans. —Ecosx2 +c)

PROBLEM 6.5

Evaluate j Jal—1dx
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Solution: J Ja? —1dx
x=secl dx=secl tan0-do
\/x2 —1dx= j\/sec2 0 —1(secOtan0)dO
:j tanH-sec@-tan@-deI sec@tan® 0d0
tan® @ =sec” 0 —1
= I secO(sec® @ —1)d0 = I sec” 0dO —I secOd—doO
I I,
Consider I, =I sec’ d@ =I sec” @-secOdO

Integrating by parts, we obtain
I, =secOtand —I sec@tan” 6d6O

zseCBtaHH—I secB(sec*0—1)d6
=sec€tan6’—f seCZHd9+f sec@do

21, =secOtan @ +In|secH +tan b |

I, =%sec€tan¢9+ln|sec6+tan9|

[Va? —de=1, -1,

137

1 1
=Esec<9tan0+§1n|sect9+tan6’|—ln|sec<9—tanl9|

:lsecetané’—éln |secO +tan 0|

x+\/x2—1‘+c

=lx -1 —lln
2 2
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PROBLEM 6.6
3x+13
Evaluate j Ga-1)Tx+2)
3x+13
Solution: J. m t

Integrate by partial fraction

3x+13 A . B
Gx-1)(Tx+2) (Bx-1) (Tx+2)
3x+13 A N B (Tx+2)A+(5x-1)B

Gx-1)(Tx+2) (Bx-1) (7Tx+2) Bx—-1)(7Tx+2)
3x+13=(7Tx+2)A+(5x —1)B
3x+13-7TxA+2A+5xB—-B
3x =7xA + 5xB (D
13=2A-B ...(2)
3=7A+5B .1
13=2A-B ...(2)
13=2A-B

13-B=2A

3=7(132+B)+5B

91+7B

3= +5B

91+7B+10B
2

3=
= 17b+91=6
17B=-85=B=-5

A:13+B N 13+(-5)
2 2
A=4
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J‘ 3x+13 dxz.[[ 4 3 5 jldx
B5x—1)(Tx +2) S50—-1 T7x+2

dx

:'[5x ldx_j7x+2

dx

JSx 1 7 7x 2
=Eln(5x—1)—?ln(7x+2)+c

(Ans. %ln(Sx—l)—gln(7x+2)+c)

PROBLEM 6.7
2x—3
dx
Evaluate I (x=1D(x-2)(x+3)
Solution:
2x—3 A B C
I dx = + +
(x—1)(x—-2)(x+3) x—1 x-2 «x+3
= 2x—-3=A(x-2)(x+3)+Bx-1)(x +3)C(x—-1)(x —2)
at x=1:>A=l, atx=2:>B=l, atac=—3:>C=—i
4 20
1 1 9

I 2x =3 dxzf 4 . 5 20 |g
(x=1)(x—-2)(x+3) x—1 x-2 «x+3

S IR TP R D YL RY A Y
4 5 20

(Ans. Lin|x—1]+LIn|x—2|-—2In|x+3|+c)
4 5 20
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PROBLEM 6.8

j dx
Evaluate )" 57

dx
Solution: J‘m

Integration by partial fraction

dx dx dx

= '[x4—1:j(xQ—1)(x2+1):>j(x+1)(x—l)(x2+l)
dx A B Cx+D
= I4 = + +—
x=-1 x-1 x+1 «x"+1
f dx __A B C+D
x+DE-DE*+1) x—1 x+1 2*+1
I dx Al +1D)(* +1)+Bx+1)(x* +1)+Cx+ D(x—1)(x +1)
x+Dx-DE*+1) (x+ D -1 +1)
= 1=Alx+1D(*+1D)+Blx+1D)(*+1)+Cx

+D(x—1)(x+1)
1=Ax" + Ax+ Ax> + A+ Bx® + Bx+ Bx> =B+ Cx* = Cx

+Dx* =D
A+B+C=0 ...(1)
A-B+D=0 ...(2)
A+B-C=0 ...(3)
A-B-D=1 ...(4)
From Equation (2) and Equation (4),
A-B+D=0
-A+B+D=-1
2D =-1 D=—l
2
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From Equation (3), =-B
From Equation (4), A-B-D=1
_B-B+i-1 — _9p-1
2 2
S
4
A=t
4
From Equation (1) and Equation (3),
A+B+C=0
-A+B+C=0 22C=0 C=0 and Dz—é
A, B,C,D
_[4dx :I A dx+I B dx+J‘Cx+Dd
x =1 xX— 1 x+1 T +1
1 1
4 4 2
= = dx+ dx + dx
Ix -1 '[ J.x+1 J‘x2+1
As f—-duzlnu+c
u
u=@x+1du=1
u=(x-1du=1
Iol du—lta —+c
a +u’ a a
u=x du=1
1
f4dx —In|x—1|-=In|x+1|-=tan"'+¢
x'—1 4
:lln x_l ——tan_1+C
4 |x+1
1 -1 1
(Ans. “In® ‘——tan_lx+c)
4 |x
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PROBLEM 6.9
Evaluate jln xdx

Solution: Ilnxdx
Use by part integration:
Iudvzuv—jvdu
Let
1
u=Inx du==-dx
X
dv = dx v=x
jlnxdx=xlnx—_[x-ldx
X
=xlnx—jldx = xlnx—x+c

(Ans. x-Inx—x+¢)

PROBLEM 6.10

Evaluate jtan_l xdx

Solution: J tan" xdx = integration by parts

J.udvzuv—jvdv

Let u=tan " x = du=
dv =dx = v=x
Iudvzuv—jvdu

X
1+x2

f tan ' xdx=xtan " x —I

Il~du=lnu+c
u

u=1+x>

du=Inx
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= I tan” xdx =xtan™ x——j z - 2dx
29 1+x"
1 .

= Itan’lxdx:xtan’lx—gln(1+x2)+c
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(Ans. x-tan'x— %ln(l +20)+ c)

PROBLEM 6.11

Evaluate I x-Inxadx

Solution: j.x ‘Inxdx

Integration by parts
1
Let u=Inx du==dx
X
2
dv=xdx v=X
2

Iudvzuu—jvdu
jxlnxdxz%lnx—jg—idx

2 2
jxlnxdx =X Inx —ljx—dx
2 27 x

2
X 1
=—lnx——jxdx
2 2
x’ 1%
=—Ihx—=—+c¢
2 2 2
2 2

x 2
=—Ilnx——+c¢
2 4

(Ans.

x—lnx——+c)
2 4

PROBLEM 6.12
Evaluate I xtan'xdx

Solution: |[x-tan™' xdx
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Integration by parts
Let w=tan ' x du= 1 s-dx
1+x
x2
dv = xdx v=—
2
judvzuv—jvdu
2 2
= jxtan"lxdxztan"lxx—— 1 S-dx
2 2 1+«
Loxr 11
=tan x——— 3
2 291+«

Cooaox 1 A 1
=tan xE—EDdx—Ilszdx}

2

g X _
=tan 1x;—§x+§tan "x+¢

2
(Ans. x;tan'1 x— %(x —tan™"x) +¢)

PROBLEM 6.13

Evaluate j x? - cosaxdx

. 2
Solution: |x° cosaxdx

jcosu-du:sinu+c

1 1 .
Icosax-dx:—'[ cosax=—sina+c
a

a
u=x du=2x
1.
av = cosax dv=—sinax
a

Use integration by parts:
Judv =uv— jvdu
2
X 1

2 .
Ix cosax =—smax—f
a

—sinax - 2x
a
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Integration by parts

1 1¢1 1
f—sinaxu = axdua—f—sinaxdx—zf sin ax dx
a’a a

1 1
——gcosax+cj.——zcosax+c
a
u=ax dv=a

1
_TI cosax - x

2
5 X 2x 2 .
J-x cosax =—sinax + —-cosax ——-sinax + ¢
a a a
2
2 2
(Ans. x—sinax - —fcosax ——5sinax + c)
a a a
PROBLEM 6.14
Evaluate I sin(In x)dx

Solution: I sin (In x)dx

Integration by parts
Let u=sin(lnx)

du = cos(In x) %dx

dv =dx J

v=x
judv = uv—jvdv
J sin(Inx)dx =sin(Inx)x — Ixcos (Inx)d

=sin(Inx)x — Icos (Inx)d
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Integration by parts
Let u=cos(Inx) dv=—sin(Inx)dx
dv=dx v=x
sin(Inx)
Jcos(ln x)dx - xcos(Inx) —j— . xdx

=xcos(Inx)+ I sin(Inx)dx

Jsin (Inx)dx =sin(Inx)x — xcos(Inx) — I sin(In x)dx

2Jsin (Inx)dx = sin(Inx)x — xcos(In x)

Jsin (Inx)dx = %sin (Inx) - X cos (Inx)+c

(Ans. %sin (Inx) - %cos (Inx)+c)

PROBLEM 6.15
Evaluate j In(a® + x*)dx

Solution: j In(a® +x)dx

Integration by parts
u=In(a® +x7)dx

2x
du=———
a’+x

jln(a2+x2)dx=xln(a2+x2)—_[ szz
a’+x

dx

2
=xIn(a” +1°) - 2[ " d
a +x

:Iln(a2+x2)(lx:xln(a2+x2>—2j[1— 2(1 Qde
> +a
du 1 qu
As =—tan —
[ I(ﬂ +x° a a

u=x ; du=1]
a x
=xIn(a® +x°)—2x+—tan~ = +c

a a
2

(Ans. xIn(a®+x”) — 2x + ? an' Xy c)

a
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PROBLEM 6.16
Evaluate Ix -sin 'xdx

Solution: [x-sin™ xdx

Use integration by parts:

u=sin"'x = du= dx
V1=2?
xZ

dv= xdx = U=E

Iudvzuv—jvdu
2 oex® dx

= xsin ' xdx=sin"' x A
I 2 '[ 2 J1-+°
.- Xz 1 x2 dx
=sin x~——_I_.
2 1-«7
1
X
0
1-x
Integration by parts
2
j R
NI
Let
x=sin@ dx =cosdf

J- dx J~ Sln29
V1-4? \J1—sin*@

1—sin?@=cos* @

cosdf

J- sin® @

\J1—cos* @

cos0do
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. 20 ,

=J.Sln cosedﬁzjsin‘gdﬁ
cosd

1-cos26

B
— cos2
= [ sin*0do=| 1-cos20 )
B

2
sin” 8=

=19—lsin29=l(6’—sin90056’)
2 4 2
x=sind @ =sin"x

2

J.xsin_1 xdx = x?sin"l X —%(sin"l x—xvl—a" )

%sin%’ =sin@cosb

\/l—x2 :>\/1—sin20:>\/c0520 =cos@

2

" 1 ‘
J.xsmil xdx =jf?sim’1 x—z(SiIfl x—xy1—« )+c

2
1
(Ans. %sin_lx - Zsin_lx + 2\/1 2% +¢)

PROBLEM 6.17
Evaluate I cos*xdx
Solution: Icos4 xdx = j(cosz x)*dx

,  l+cos2x

cos” x =
2
1+cos2x )
- j.[ cos x] g
2
1+ cos2x)®
= I—< c0s2x) dx

4



1 2.
= Zj (14 cos2x)” dx
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= iJ‘ (14 2cos2x + cos® 2x) dx

DWW e A= A~ A= A= =
= r 1 r

:Idx + ‘[20052xdx +.[ cos” 2xdx}

:x +sin2x + J. cos® 2x dx]

- . 1(1+cos4x
x+sin2x +—| ————
2 2

1 1
X+ sin 2x +—de + —j cos4x4dx)
2 4

x+sin2x+l(x +lsin4xJ +c
2 4

sindx x 1 .
+—+—sindx+c
4 § 32

sin2x 1 .
+—sindx +c¢
4 32

+

3 1 1
(Ans. 2 Gin2x+—sindx+ c)
8 4 32

PROBLEM 6.18
2

Evaluate j cos3x-sin’xdx
2

Solution: I cos? x-sin” x dx

2

= I cos® xsinx(sin” x)* dx

2

= Icos?’xsin x(1=cos® x)*dx = Jcosgxsin x(1—2cos” x + cos” x)dx

2 2 2
_ 3 xsinx — 2cos? x - 3 o EpT 4
= COS” xSsimmx COS™ X+ COS” SInX + COS” XSINXCOS X

2 8 14
= J.{cos?’ x(=sinx) — 2 cos® x(—sinx) + cos * x(sinx)}dx

|
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_ cos® x 9 cos?® x +cos x N
5 oo e
3 3 3
5 u 17
=——cos® x +—cos® ——cos® x+c¢
11
5 n 17
(Ans. ——cos®*x+—cos®x——cos>x+c)
11 17
PROBLEM 6.19
Evaluate jx-sinxdx
Solution: |x-sinxdx
Integration by parts ju dv=uv- jvdu
Let u=x du = dx
dv =sinxdx U =—Cosx

J‘udvzuv—‘[vdu
Ixsinxdxz—xcosx%—‘[ cos x dx

=—xcosx +sinx+c

(Ans. —x-cosx+sinx+c)

PROBLEM 6.20

Evaluate I 22JV1—xdx
1
Solution: J.xz Vl—-xdx= Ixz(l —x)2dx

Use integration by parts:

J.udvzuv—fvdu

Let u=x’ du =2x



METHODS OF INTEGRATION © 151

dv=(1- «»,)%d -j(l—x>2dx

3
2
1

[ de= 2 —j‘—2<1—x>52xdx
3 3

1 2 3

IxQ(l—x)de:—gx (I-x)% -

—2\/7 (352 +28(1—-x)+8(1—x)*) +¢
105 (35x% +28x —28x% + 8(1 — 2x + %)

-2

=—J1—-x)’ 152> +12x +8) +¢
105

(Ans. —%\/(1 —x)° (152> +12x+8) +¢)

PROBLEM 6.21
Evaluate I sin®x - cos’x dx

. .2 2
Solution: |[sin“x - cos™x dx

J‘ Sin2 xCOSQ‘ x(lx = Il<1 — 0052x> l(l + COSZx)dx Sin2 v 1 — COSZx
2 p) —
= l.[ (1-cos2x)(1 + cos 2x)dx cos® x = 1+ cos2x
! 2
1 2
=—| (- 2x)d
I< cos” 2y 5 1+ cos4x
cos’ X =—m
1+cos4x 9
Z—J dx 1
Zj cos4x dx =sin4x

= i(‘[dx - éj‘ (1+ cos 4x)dxj
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=i(jd, —é(.[dx—kij cos4xdxjj

1 1 1 .
=—x——x———=sin4dx+c
32

4 8

1 1 .
=—x——sindx+c¢
8 32

= l(x —lsin4xj +c
8 8

(Ans. 31—2(4x —sin4x)+c)

PROBLEM 6.22
Evaluate j sec® x-tan® xdx

Solution:
J.secsx-tanzxdx ... (A)
As tan” x =sec’x —1
= j. sec’ x-(sec® x —1)dx
= I (sec” x —sec” x)dx
= f sec’ xdx —I sec’ x dx

2 3 2
:>Isec xsec xdx—J.secxsec xdx

Integration by parts
*tofind I secxsec’ xdxzj. sec® xdx
Let u=secx = du=secx-tanxdx

dv=sec’ xdx = v=tanx

3 2
Isec xdxzsecx-tanx—fsecx-tan xdx
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=secx-tanx—_|. secx - (sec” x —1)dx
=secx-tanx—j sec’ xdx—.[ secxdx
2.[ sec® xdx =secx-tanx—j secxdx
2-[ sec’ xdx =secx -tanx +In|sec” x + tan® x | +¢

I secxdx =In|secx+tanx|+c

, 1 1
Isec xdngsecx-tanx+§ln |secx + tanx|+c

“tofind Isec3 xdx = Isecg xsec’ xdx
Let u=sec’x = du =3sec’ x-tanx dx
dv=sec’xdx = v=tanx

IseCSdeztanx-secsx—3jsech-tan2xdx
3 2 3 3 2 1
Isec xtan” xdx = tanx - sec x—SIsec x-tan xdx—gsecx-tanx
1
——In|secx+tanx|+c
2
3 2 3 1 1
4J.sec xtan” xdx =tanx-sec x—Esecx-tanx—Elrﬂsecx+tanx|+c

3 2 1 5. 1 1
Isec xtan xdxzztanx-sec x—gsecx-tanx—§1n|secx+tanx|+c

1, 1 1
(Ans. 25ee x-tanx—gsecx-tanx—gln|secx+tanx|+c)

PROBLEM 6.23
Evaluate Ix(0083 x® —sin® x) dx

Solution: J.x(COSS x* —sin® x%)dx
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p) .2
rcos x+sin“x=1
= fx(cos x* - cos® 2% )dx — Ix(sin 1% -sin x%)dx cos’x=1—sin’x

sin"x=1-cos™ x
= j.x(cos x*(1—sin® 2 )dx — J.xsin x*(1—cos® &% )dx + Ixsin x” cos® x’dx

1 . 1 . 1 . 1 .
= —jQx cosx dx — —J. sin® x?(2x cosx? )dx — —IQx sinx?dx — —j cos® % (—2xsin x?)dx
2 2 2 2

1. 5 1. :
= —| sinx® —=sin’ x* + cosx® ——cos’ x” |+¢
2 3 3

1. 1.
(Ans. Esmx2 ——sin® a? +Ecosx2 —Ecos3 x> +¢)

PROBLEM 6.24

dx
Evaluate J- Jx1—x

dx
Solution: .f \/’ m

- S B e
1 X ) az_uz a a2_u2 a
If u=+x=()
|
du=—x?% =
2 2&}
J. d 1 —2'[ de 1 —231n1\/;+c

(Ans. 2sin”'Vx + ¢)

PROBLEM 6.25

dx
Evaluate j m




Solution:
dx dx 1
e
Ve-(+h) A+ Vx
dx 1
=X 2 =2In|1++/x
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[Asj%du=1n|u|+c

Here, u=1+\/,x7‘
L
2x

(Ans. 2 In(1++/x)+c¢)

du=

PROBLEM 6.26

d
Evaluate jm
) _[ dx :I dx
Solution: x4/2—31n? \/; Xq/2— (\/gln x)?

[Here, u=£lnx
2
du =—3 l
2 x
\/_dx

I\/z 3’ Jx \/_I\/z (3Invy

(Ans. % sin”! (g In x] +¢)

PROBLEM 6.27

e*dx

Evaluate j
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Solution:

_[ e “dx

=N [ (1+e)3dx
-l
= J‘e“-ex(1+e“)3dx
Let e =y
e dx :dy

= j e'dx(1+¢e*) j ydy

Jiry

Use integration by parts

J-ezxdx Iee ~dx J- ydy
%/1+e \/1+e %/m

u=y du=dy

-1

dv=(1+y)3 = v=

J.udvzuv—fvdu

3 2.3 2
=§ua+yw—j§u+ywdy
5
3 2 3(1+y)p?
=Zy(l+y)? -=
2y( ) 2 5
3

=§ex3 (1+e") _9 (1+¢") +¢
2 10
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PROBLEM 6.28

Evaluate I czy 3
y(2y° +1)
2
Solution: J.d— lzy—g
y(2y® +1)° y oy
[ y'dy
yS <2y3+1)2
Let 2y3 =tan’ @ =
. 2 -sec”
P dy = tan @ sec” 0dO

6
1 2
=§tan0-sec 0do

tan @ - sec”> 0d0O

2
-f tan® @ (tan® 4 1) 3 -[ tan” @ (tan” @ + 1)

étan@ -sec? 0doO

_ _J- tan@-sec” Od6O
37 tan” 0 (sec” 6)°

e —

37 tan”>@-sec’

=%J‘cot0-cos2 0do

= —I cos H —sin® 0)do
sin @
:_J- cosl9 cos@sin” @ 10
s1nl9 sin @
o
=—I[COS —cos@sin@}d@
sin @

_J-cose

sin@

6y2dy =2tan - sec

*0do

tan” @

2y3 =tan’ @ .‘.y"3 =
=cotd
tan@
sec” @ = 19
cos” 6@

dé - jcos Osin Od6

cos’@=1-sin’6

[Ldu=tn|ul+e
u
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PROBLEM 6.29
xdx

Evaluate
Il+\/§
dx
Solution: [~
J.1+\/§
Let yZ\/;
x=y°
1 1
dy = > = dy=—d
Yy 2dx < Yy 2y x
dx =2ydy
xdx 2y° dy
=
J‘1+\/7 '[1+1/
y*dy
=2 1-——|d
- J‘1+1 I[ A 1+y] /

=2[%—!{2—;+y—ln(l+y)}+c
(asy =+/x)

—gx/xj’—x+2\/;—21n(1—y)+c

(Ans. %J?—Hzﬁ—zln(\/;u)ﬂ)
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PROBLEM 6.30

Evaluate j _dt

e -1
Solution: J' dt ..é
=1 ¢é
Let e =x
e'dt =dx
x=e¢'
xdt = dx
1
dt ==dx
x

I dx = Integration by partial fraction
x(x—1)

1 A B Alx-1)+Bx

x(x—-1) «x x—1 x(x—1)
1=Ax—A+Bx
0=Ax+Bx

A+B=0
-A=1
A+B=0

B=1 jlduzlnu+c
u

dx -1
J.x(xiD:J‘?derJ.

dt =L dx

x
t=Inx

1 dx
1

X —

=—Inx+In(x-1)+¢
=—Ine' +In(e' =1 +c

L= Inle' =1)—t+c¢

(Ans. In(e’ =1)—t+c¢)
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PROBLEM 6.31

dé

Evaluate jm
—tan

Solution:

Id@ | do | do

1-tan’@ l_sin26’ ) cos’O—sin’ 0
cos> 0 cos> 6
cos> 6d6O , . l4+cos26
=Iﬁ cos™ 0 =————
cos @ —sin”~ 0 2
1+00520d9 sinzezl_sng
:J' 2 2
1+005249_1—cos29
2 2
l+cos2l9d0 1+cos292d0
:j 2 N 2
(1+cos20 —(1—cos>6) 1+cos26 —1+ cos26
2
J1+cos29d¢9
2cos26
20826
:lj- 1 Jrcos .o
271 cos28 cos20
As
=sec’ 0 and Isecu-du=1n|secu+tanu|+c
cos26

u=20-du=2
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J-lii—gzezé“ secZe'dO"‘jdg]:%[éj 56029.2d0+.[d6’}
—tan

=l[lln| 58029+tan29|+6} =lln| 56029+tan20|+g+c
212 4 2

(Ans. %6’ + iln | sec26 + tan28 | +c)

PROBLEM 6.32
Evaluate je" -cos2xdx

Solution: |e* - cos2xdx

Integration by parts

Let
u =cos2x = du =—-2sin2x
dv=e"dx = v=e"
Ie" cos2x dx=e* cos2x + 2_[@" sin 2x dx
Integration by parts
Let
u =sin2x = du = 2.cos 2x dx
dv=e'dx = v=¢e"

J-ex cos2x =e" cos2x +2¢" sin2x — 4_[6" cos 2x dx

SIex cos2x =e* cos2x + 2¢" sin 2x

. 1 . 2
Ie" cos2x =ge" cos 2x +ge“ sin2x+c¢

X

2
(Ans. %cos 2x + ge’“ sin2x + ¢)
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PROBLEM 6.33

Evaluate I cotfct 0 050
1+sin” 8
Solution:
cot@df cos@
J‘1+sin29 J.511149 1+sin®6)
Let x=sind

dx =cos0do
cosO@do J~
sin@(1 +sin” ) x(142%)

Integration by partial fraction

d« 1 A Bx+c
J.x(1+x2)_x(1+x')_x 1447
1 A+ x*)+(Bx +¢)(x)
x(l+x2)_ x(1+x7)
1=A(1+x%)+(Bx+c)(x)
1=A+Ax® + Bx® +cx
Ax* +Bx* =0
A+B=0 (1)
cx=0 = c=0 ...(2)
A=1 ...(3)
A+B=0
1+B=0
B=-1
c=0

= J.(i—lfxzjdx—lnx—gln(l-lrx )+c

sin @

\1+sin* @

(Ans. In
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PROBLEM 6.34

4
e t

Evaluate I 2
(1+e*)3

dt

4t

e
Solution: j —dt =

w | o

1+e*)
Let

e -etdt
[—=
(1+e*)3
x=e¢ = de=2e"dt
dt _ o _dx
2¢% 2«
X = eZt = xz — <62t )2 — e4f
1 -idx
J‘ 2x
2
(1+x)3
1 e 1 2
E Xdlzzg "c(1+x)3dx
(1+x)3

2

J.x(l +x) 3dx = Integration by parts

Let

u=x = du =dx

1
2 3 1
do=(l+1)°dx = u=<1+1x> 314 x)°
3
Iudvzuv—jvdu
2
J-x(1+x)75dx 3x(1+x .[31+x3dr
1+x SJ. 3dx
. 4
= 3
Cax(+a) 3L L

4
3
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L9 4
=3x(1+x)? —Z(1+x)3 +c

e''dt 3¢ .
[—— e

(Ans. %e”a +eltyi - %(1 +eM)i o)

PROBLEM 6.35

3 2
Evaluate j x t+x dx
2
x+x—-2

Solution: J' Yk
W +x—2

= I[x+(;§:%§:E)de

As CAx—-2=(x+2)-(x-1)

= J‘(erz—xdxj
(x+2)-(x-1)

Integration by partial fraction
2x A B Alx—1)+B(x+2)
(+2+G-1) xt2 x-1 2 -1)
2x=Ax—-A+Bx+2
2=A+B (1)
= A=2 - Bshould be substituted into Equation (2)
0=2B-A ...(2)
= 0=2B—-(2—-B)
2B=(2-B)
2B+B=2
2

B==
3

Azz_g = Ez
3 3

|
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J_x3+x2

9 —
X" +Xx

4 2
=—+—In(x+2)+=In(x-1)+c¢
2 3 3

2

(AmL%;+§hﬂx+%+§hﬂx—D+c)

PROBLEM 6.36

2x x
Evaluate j Ze dx
J3e™ —6e -1
2x _ ex
Solution: I—
3e™ —6e" —1

2@ —ledx 1 (2e* —1)e*dx

=
/ 2\_7 2*—1——

_é 3 4_ 1
3 4 3 3
e —2e" +1=(e" -1)
1 J~ (2e" —1)e* dx
NG 4
(e" 1) ——
3
Let ex—l—lsecé’ = ex—(lsec¢9+lj
J3 J3
exdxzisecﬁ-tanﬁ-dé’
J3
2
1 2(\/—36094-1}—1
—I 3 sec@-tan@-do
J3

\/4sec28—§ \/§

3
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sec0+2-1
——sec@-tan@-db

e

)

1
B

%(sec2 -1
(sec*@—1)=tan> @

4
—secO+1
1 j[\/E j 2
=—|—————%.——sech-tanf-db
V3l 2 tan® @ V3
J3

2
~~= 7. — secH-tan@-db
342 e B

:%I[%secﬂJrlj'secﬁ-dﬁ
1
NG
3% —6e -1 1, [N3(e-1)
- 4 +

=§tan¢9+ In|sec@d+tanf|+c

4
3

(Ans. %(2 3¢> —6e" —1+ \/gln‘ﬁ(e" ~ 1)+ /3¢ — 6e* —1‘+c))
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PROBLEM 6.37

Evaluate j<2y Dty

: JL
Solution: (2y+1)\/m
1 u
As Ium——sec
and if u=2y+1, du=2
Ji=2
Also u=2y+l1
w=2y+1)°’ = 4y +4y+1
2dy 2dy 3 2dy
Faven 2yt +y I<2y+1)-JZ-JW_J(2y+1)-JW

= 2y+1
J-(2y+1)\/(2yT sec”' 2y +1)+c

(Ans. sec™ 2y+1)+c)

PROBLEM 6.38

3
Evaluate j (1-2")2dx

Solution: | (1- xzﬁ dx
Let x=sinf = dx=cosOdl
fa-+ >§ dx = [(1—sin’ e)g cos0do
= I(cosz 0)2 cos0do

6
=J.cos2 0-cos:9d@=fcos3 0-cos@db
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= J.cos4 0do =J-(cos2 6)?deé [cos2 0=1+

2
:J-(lJrc;)sZHj d0

1+0052¢9}

= iJ‘(l +¢0s20)*d0 = iJ‘(l +2c0s20 + cos® 20)dO

= i“d@ + J.QCOSZQ(le + Icosz 20d0}

40
cos’20 =1+ cos

ji{jd9+_[2c0520d9+.[(#}d9}

=l 6’+sin20+l(0+lsin49j =l{§0+sin2¢9+lsin40}+c
4 2 4 412 8

sin 28 = 2sin @ cos @
sin40 = 2sin 20 cos 20

I(l+x2)3/2dx=§sin] x+§ 1+2*(5-2x")+¢

X

2
(Ans. %cos 2x + ge" sin2x + ¢)

PROBLEM 6.39

-1
Evaluate j tan T dx
X
-1 ..
Solution: f tan2 Y dx
x
Let
1 1
u=tan x = du= s-dx
1+x

1 1
dv==dx = v=—-—
x2 x2
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Use integration by parts:

Iudv =uv—jvdu

tan”' x 1
J. 5 dx=——tan x+J
x x* 1+~c)
; dx . . . .
To fmdj. — = use integration by partial fraction.
x(1+x7)
dx 1 A Bx+c
I B :J‘ TN —
x1+x7) Yaxl+x") x l4+x
1 AQ+x°)+(Bx+o)x)
(1+x2) x(1+2%)
1=A+Ax* + Bx* + cx
I=A 1)
A=1
0=A+B ...(2)
= 0=1+B
B=-1
c=0
[ [ [
1+x") “x 1+x
tan”' 1 1
J.anzld =——tan x+j dx+j dx———tan r+Inx+= j
x x 1+x°
=—ltan’1x+lnx——ln(l+x2)+c
X 2
1 X
=——tan x+In———+¢
* (1+x)2
——ltan_lx+ln Lt
x V1+a?
tan™
(Ans. In x o manw
Jai +1 x

169

dx

+c)
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PROBLEM 6.40

Evaluate j x-sin’ xdx

Solution: (y.sin? xdx
(1-cos2x)
jx—

1
3 dszI (x —x cos 2x)dx

u=x du =dx
dv=cos2xdx = Uzésian

. 12 x ., 1
Ixsinzxdxz— L—Esinzx——COSZx +c
212 2 4

Isinu-duz—cosu+c

?ox . Ccos 2x
=—-——sin2x -

2
1
(Ans. Y Tin2x+ gcos2x +c)

PROBLEM 6.41

Evaluate IL
t'+4* +3
Solution: IL
t*+47+3
t+4 +3 =P +3) (7 +1)
j(tzgﬁuse integration by partial fraction
+ +
1 At+B Ct+D
- =— +—
E+3)*+1) E+3) (t*+1)
1 _(At+ B)(t* +1)+(Ct + D)(¢* +3)
# +3)t* +1) # +3)t*+1)

1=At> + Bt + At + B+ Ct® + Dt* +3Ct +
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A+C=0 .1
B+D=0 ...(2)
A+3C=0 ...(3)
B+3D=1 ...(4)
B+3l—1; C=0
2
B+—=1; A=0
ol poyd
2
1 1
dt 9 9
J 1 2 :J 2 2+ 22 dt
t"+4t"+3 t"+3) t°+2
=— 1 tan' —+—tan"'t +¢
23 B
(A 1tan_lt 1 tan™' +c)
ns. — - —_—
T2 23 B
PROBLEM 6.42
8dx
Evaluate jm
Solution: 8dx =8 de use integration by parts
J-xﬁ‘+29c3 J-xs(x+2) 8 yP
1 A’ +Bx+C D
3 = 3 +
x’(x+2) X x+2
1 A B C D
= Siiao) 2t
(x+2) x x* x x+2
- 1 (A +Bx+C)x+2)+Dx’
o (x+2) O (x+2)

1=Ax® + 2Ax” + Bx* + 2Bx + Cx + 2C + Dx®
1=2C (D
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1
= ==
2
0=A+D (2)
0=2A+B (3)
0=2B+C (4)
= 0=2B+l
2
Y P B=_1
2 4
0=2A+B
O:2A—l
4
2A=l A:l
4 8
0=A+D
8 8

2 2 A 2 2
:Inx+———2—ln(x+2)+c:1n * +___2+C
X x x+2 x x
PROBLEM 6.43
J- cosxdx
Evaluate \/7
1+ cosx
J~ cosx dx _ .
Solution: | (77— cos2x =cos~ x —sin”~ x
\/1+cosx
2 X . 9 X
S.COSX =C0S” ——sin” —
92X . 9 X 2 2
cos” = —sin” = . oy
- 2 2 cos®x +sin”x =
\/1+0052x—sin2x sinx=1-cos*x
2
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cos” = —(1—cos® E) 2cost S —1
2 _ = 2
\/1+cosz —1—cos*= /200521
2 2
2cos” = —1
S
2 cos —
2
5 X
jLJ‘ZCOS 5_ 1 "
V2 cos>  cos>
2 2
:LI(2cosﬁ—sec£]dx
J2 2 2
As,
J. cosﬁdx :sin£+c
2 2
Let
u="x duzl
p 2

= iI{Qxcosﬁ-ldx—2Jlsec£'ldx}=L 4sin>—21In
J2 2 2 2 2 J2 2

(Ans. \/5(2 sin% —In

)
+c

2

;J+c)

X
sec—+tan—
2

x
sec—+ tan—|
2

173

PROBLEM 6.44
xdx

Evaluate I
x+vVx+1

Solution: J &
x++/x+1
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Let
xzyz = dx=2ydy
j xdx J‘ 2?/ Yy zzjy_lJr _
x+vx+1 y +y+1 y +y+1
=2 j——y QI dy uzz(y+—j2
2 y2+y+1 2
We write u=y+%
2
3
y2+y+1:>(y+—] S azzi
2 2u+1
J‘de:z y__y+itan_l y+ -|—C a:ﬁ
r+x+1 2 J3 V3 2
2 2 1 sz
:2‘1/——21/+—tan_l vy +c /
2 J3 J3
=2x—2\/x_‘+itan’12\/;+1+c
V3 V3
4 2Jx +1
A ,3\9—2\/;+—tan_1 +c
( ns \/5 \/g )
PROBLEM 6.45
Fval IL
valuate sec’t+tan’t
Solution: J‘L{)
sec’t + tan’t
Let
) dx
x =tant dx =sec” dt dt = o
1+x”
dx dx
J‘ dt [ 1+ :J‘ 1+
sec’ t+tan’t 1+x% +4° 14242 l
I dx ‘ 1 J‘ dx
1+a% 14247 (1+2°)(1+2x%)
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Integration by partial fraction

1 Ax+B cx+D
2 o\ 2 + 2
1+x")1+2x7) 1+« 1+x
1

(Ax+B)1+2x%) + (ex + D)1+ x7)

(1+22)(1+2x%)

(142*)(1+2x7)

1=Ax+2Ax’ + B+2Bx” + cx +cx’ + D + Dx?
1=B+D
0=A+c
0=2B+D
0=2A+c
Substitute Equation (1) into Equation (3):
1=1=B+D
B=1-D
0=2B+D
0=21-D)+D
0=2-2D+D

0=2-D
D=2

B=-1
A=—c
2(A)+c¢=0

—2c+c¢=0
A=0, B=-1, ¢=0

dx

Ia+x%a+2ﬁ>
[As u®

{ - ; }
=+ 5 |dx
1+x 1+2x

=922

u=/2x
du=+2

175
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J.l +22x2 d= %I%dx
= %tam1 \/Ex +c= \/:2/12/5 tan” \/Ex
=2 tan"" \/2x]
=—tan"x++/2tan ' 2x + ¢
=—t+2tan' (W2 tant)+ ¢

(Ans. V2tan' (\/2 tant)— + ¢)

PROBLEM 6.46

dx
Evaluate j 5
1+ cos™ x
dx
Solution: J—z
1+cos™ x
1+ cos2x
As cosPx=——""
2
d 1
J. a s—dx = _[ 5 . — dx
1+cos™ x 1+ cos” x+cos x—cos x
1 1
2cos"x+1—cos” x 2cos” x+sin” x
1
1 cos® x
= j E —— dx
2cos  x+sin” x 1
cos x
1 1
= J. p) N 2 dx
COS X SIn" X cos x
2 +

2 .2
cos x sin“x
_J' 1 1
- E 2
2+tan” x cos x

dx
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Let u=tanx

PROBLEM 6.47

Evaluate Iln(\/; ++/1+x)dx
Solution: IIH(J; ++/1+x)dx

Use integration by partial fraction.

Let u=In(x +J1+x)=In1 +2Vx)
du 1 dx _ dx

T Q+2vn) Jx Jx+ox
Iudvzuu—jvdv
1 xdx
jln(\/;+\/l+x)dx:xln(\/;+\/l+x)——j—
27 ox% +x
To find
l.‘- xdx 1 xdx _I xdx
299 +x 2 \/( 1)2 1 \/(2x+1)2—1
x| -
2 4
let 2x+1=secd = 2dx =sec@-tan0-d0O
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sec@—1 sec@-tan@-dO
lJ- xdx _J~ 2 ' 2
27 9x* +x Jsec? 61

=ij.(sec2 9—secﬁ)d9=itan¢9—ln| sec@-tand |

=i(2\/x2 +x —In|2x+1+2/x? +x|)
Jlln(x/xi‘-i- 1+x)dx:xln(\/;+ 1+x)—%\/x2 +x +iln|2x+l+2\/x2 +x|j+c

/.2
(Ans. xIn(vx +V1+x — x2+x +iln‘2x+l+2\/x2+x‘+c)

PROBLEM 6.48
Evaluate Ix In(x® + x)dx

Solution: |xIn(x® +x)dx

Use integration by partial fraction

3x* +1
Let u=In(x*+x) = du= )§+dx
X +x
x2
dv=xdx = v=—
2
2 3 ‘
e = L5
2 29 2" +1
< 2x

dx

. 1
=—In(x’ +x)-=|3x—
2 nee ) 2I T
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2
:—ln(x +x)—%x +2ln(x +1)+

2
(Ans. %ln(x3 +x)— %xz + %ln(:vc2 +1)+c¢)

PROBLEM 6.49

cos xdx
Evaluate Im
Solution:
cosxdx cosxdx
'[\/4—coszx '[\/4 —sin®x)
cosxdx ¢ cosxdx
'[\/4 l+sin®x \/3+sin2x
Let sinx =+/3 tan &

cosxdx =+/3sec’ 0do
J3sec®0do J~ J3sec?0dO sec® @

N s | B fremro) e T

J-secz—ﬁdﬁz I secldo

sec

=In|sec@d+tanf|+c

ln|1/3+351n0 51nx|
IERCEENCl

3+3sin’ @ sinx|

|
(Ans. ln‘ 73 + 7 ‘+c)
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PROBLEM 6.50

sec’xdx

Evaluate Im
Solution:
J- sec” xdx J- dx _J~ dx
\J4—sec®x cos” xy/4 —sec” x - COS X - COSXA[4 —sec” x

_ J- dx _ J- dx
cosx - \/cos2 x(4 —sec® x) cosxy/4cos® x —1

dx
\/cosz X -\/40052 x—1

B 1+ cos2x
cos ¥ =———
2

dx

/1+cos2x'\/4(1+cos2xj_l

2 X
/ 2

\/7\/m 44+4cos2x—1

\/7\/1+cos2x \/1+cos2x

ZJ- dx
\/1+0052x ~\/1+2cos2x
2dz
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2 do
2 \/1+cost9-\/l+2cost9

2dz
1+2°

ZLJ
P )

1
ﬁjJ{ammaZZ)NammzazZ)J

14+z2°

2dz
:LJ‘ 1+ 27
V2 \/1+z2+1—z2_1+z2+2—z2

1+2? 1427
dz dz
142° 1+2°

ZLI—ZLI
J2 2 3-% V27 o323
1427 1422 (1+2%)?

dz
1422

\/E\/fi—zz

14z2°

2 dz
ZEJ :J.\/S—z2

1 9)
tan— [+¢
2

. 1 R . ]
=sin —+c=sin | —
J3 (ﬁ
=sin™" (Ltan xj +c
J3

1
(Ans. sin™ (— tanx

V3

181

J+c)
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PROBLEM 6.51

dt
Evaluate | ————
j t—~1-¢
dt
1-¢2
Let t=sinf = dt=cos0@dO

Solution: J

where cos@=

1-2 2dz
_[ cos@do _[ 1+22 1+z
sin@—cose_ 2z

1+2° 1+z
2(1- zg)

_I (1+2%) —J 2(1-2%)
2z-1+z" Y (1+2)E+2z2-1)
(1+z)

J' 1-2%
1+29)(z*+2z-1)

Use integration by partial fraction.

(1-2z%) Az+B+ Cz+D
1+23)(z*+2z-1) 22+1 z2*+2z-1

1-7%) _(Az+B)(z* +2z-1)+(cz+ D)(z* +1)
1+22)(z2 +2z—1)_ 1+22)(z*+2z-1)

1-2°=A2" +2Az* —Az+Bz* +2Bz—B+Cz* +Cz+ Dz* + D
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0=A+C (1)
-1=2A+B+D ...(2)
1=—-B+D ...(3)
0=2B-A+C ..(4)
RS
2 2
el pod
2 2
—_— 2 —_— J—
=2J- 21 fdz _ 5 1Jr 2z+1 I
1+z7)(z"+2z-1) z2+1 2 +2z-1
-z 1 N z+1 d

z2+1_z2+1 2 +2z2-1

I
=

=—ln‘z2 + 1‘ —tan™" z+lln‘z2 +2z—1‘+c
2 2

1, |2 +2z-1 5
25 nw—tan Z+c
10— 2dz2
1+z
0 =2tanz
tan ' z=—
0 1 tan2?+2tan0—l‘
z=tan—==In 2 ] 2 ——+4c
2 tan® —+1
2
sin® — sing
+2—2 1
cos® — cosg
=lln 2 —g+c
.90 2
sin §
29+1
cos” —
2
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5 . 2 0
sin® —+2sin——cos” —
2 2 2
, 0
1 cos 5 0
==In ) —-—+c
sin® = + cos” — 2
2 2
cos® —
2
1 |sin —+51n——cos§ 0
=—In 2 2 ——+c
29 2
cos” — +cos” —
2 2
Sin20:l—2cosﬁ Sinzgzl—cosﬁ
¢ 2
1-cos@ . 1+ cos@
1 +sind —
=In|—2 2 ——+c
2| 1 | 2
2sin @ cos@=sin 26
2singcos§=sin9
2 2
, 0 1+cosé
cos” —=———
2
1 l—cost9+2sin9—1—cost9| 0
=—In —-——+c
2 2 |
1 —20056’+2sin¢9| o
=—In ——+c
2 | 2
1, |2(sin@—cos@)| @
=—In|/———-—+c¢
2 2 2 1
t
=lln|sin9—cosﬁ|—g+c
2 2 0
=llnt— 1-¢2 —lsin_ltﬁ-c 17
2 2
As, sinf=t

1 1
cos@=+1-1 (Ans. Eln(t—\/l—tz)—gsin'lt+c)
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PROBLEM 6.52

Evaluate je"‘ .tan!e*dx

Solution: J.e**‘ ~tan ‘et dx
Integration by part
Let
u=tane'* = du=—2 —clx
1+e™
dv=e"dx = vp=-e"
J.e’x tan' ¢"dx=—¢ " tan' " +I s—dx
1+e™
Let ¢ =tanf = e dr=sec>0d0O
= sec’0do
tan @
' 1
To find dx
'[ 1+e™ )
sin~ @
cos@
sin @ sin@
:jseczedﬁz.‘- cos@2 ZI tanH2 J 2_[00529 10
tan @ 1+tan" @ l+tan~ @ sec” 0
1+tan® @
sin @
0
=J. oo dﬁzf ?OS deI cotf-df=In sinf+c
1 sin
cos’ 6
sinf=—0
V1+e* i
In|sin@|+c Jx
jlanlnex—ln\/1+ezx o
V1+e™ J1-¥
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1

x—In(1+e*)?
x—lln|l+ezx|

2

—-x -1 x -x -1 x 1 PAY
‘[e tan” e'dv=—¢ "tan” e +x—§ln|1+e |+¢

1
(Ans. —e " -tan'e* +x——In(1+e>)+¢)
2

PROBLEM 6.53

Evaluate jsin_l \/; dx

Solution: _[ sin~'x dx

Integration by parts
dx
Let u=sin""Jx dy =——FF——
NENIE 1 Ve
dv=dx = v=x *
0

J'sm]\/_dx—xsm]\/:——j\/i 1—x

Jx

To find — jm
let x=sin’ 60
dx =2sin@cosOdb
sin @
r=— -2sinf@cosOdO
'[Vl X J‘«/ —sin’ @

=.[ sin” 6d6 = j%d& =%(9—%sin29j+c
x=sin’ @
Jx =sin@
0 =sin" x
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1
:E(sin’l \/;—\/;\/1—1‘)
J. sin”' /x dx = xsin”" x/;—%sinl X +%\/E\/1—x +c

1 1
(Ans. xsin™ x—Esin'lx/;+E\/x—x2 +c)

PROBLEM 6.54

cos2x—1

—dx
Evaluate J- cosoxt1
cos2x—1
ion: | ——dx
Solution: J cos 2t 1
1—cos2x
lltduied L
(2 . [sinx
J.1'|'C0523C t J.COS2xdx

2
= —J‘tzm2 dx = —j(secz— 1)dx
=—(tanx—x)+c¢

=x—tanx+c (Ans. x—tanx+c)






CHAPTER

APPLICATION OF INTEGRALS

PROBLEMS

PROBLEM 7.1

Find the area of the region bounded by the given curves and lines
for the following problems:

1. The coordinate axes and the line x+y=a
2. The x-axis and the curve y=e¢" and the lines x=0,x=1

3. The curve y*+x=0 and the line y=x+2 _
4. The curves x=y* and x=2y-y* |

©,a) |

5. The parabola x=y - y2 and the line x+y=0.

Solution:

1. The coordinate axes and the line x+y=a

=0
x+y=a xZ =da
x=0 J
(0 d) S.Xx=a
’ (a,0)

x+y=a
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(0, a), (a,0)
'](h
x,=0
x, =0 Ax=x,—x
X, =a
Y, =0}:>
Y, =a
X+y=a
y=a—x
[ dy
0
Ijﬁﬂh
00

2. The x-axis and the curve y = ¢" and the lines x =0, x =1

x=1,x=0

}.

X y= e"

0 1

1 2.78
1.5 4.48
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&

| dx = j‘(e“' —0)dx = j-e“' dx

0 0 0

1e* 1
Azﬂ-dydxj.y
00 0
=e"ll) =¢' —e'=¢'—1=¢e-1.

3. The curve y* +x=0 and the line y=x+2
y=x+2at x=-1
y=-1+2 = y=1
y=x+2 = at x=-4
y=—4+2 = y=-2
(L 1), (~4,-2)

4. The curves x =y* and x =2y —¢°
x=y2 ...(1)
x=2y—y2 ...(2)
2y—y* =y
2y=2y2
y=y’
y=0, y=1
sx=y
aty=0=>x=0 ~.(0,0),(1,1)
aty=1=>x=1

X x=y2

0 (0,0)
05 | 0.25=1(0.1250.5)

0.7 0.49 = (0.49, 0.7)
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x=2y -y’ Yy
0 0
1 1
0.75 0.5
0.91 0.75
0.96 1.2
12y-y°
A:I dx dy
0 42

5Thegmmdax=y—y2mﬂihﬂmex+y=0
x=y-y°
x+y=0
x+y=0
x=-y
~y=y-y’
—2y=—y°
2y=y’
=0
I }:(1)
y=2
xzy—yZMyzQx=OMy=Zx=—2
(0,0)(-2,+2)
x+y=0
x+y=0 = y=-x
x=y-y
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X y=—-x y x:y—y2
-1 +1 0 0
-2 +2 1 0
-3 +3 2 ~2
. 1
0 0 0.5 +0.15
1 -1
2 -2
3 -3
2 2y , TV )
Azj dxdyz_[x dyzj(2y—y2)dy
0 -y o1, 0
3 2
=y2—y—} _4-8 -2
3, 3
2
(Ans 1.“—;2.e—1;3.3;4.l;5.5)
2 3 3

PROBLEM 7.2

Write an equivalent double integral with order of integration
reversed for each integrals check your answer by evaluation both
double integrals, and sketch the region.

1. .Zf].dydx 2. jjdxdy | __ﬂ_;/
01 0.y [ .

3 j j ydxdy X=0 X=2
0 a2y
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Solution:

o

1. TTdy dx = j.y dx
01

1

2

I 1)dx

0

(¢ -2) = (-2 =("-0)
e—2-e"-0=¢"-2-1=¢*-3

y = 6

X y= e’
0 1

1 27.8
15 4.48

x=2, x=2, ¢*=7.389

y=e' = x=Iny
y:eo’ y:ez

I jdxdy=]i(2—lny)dy=(]:2dy—(]:lnydy
1 1 1

1 Iny
To find jln ydy use integration by part
1

Letuzlny:du:ldy
Y
dv=dy=v=y

[Inydy=yiny=[dy=ylny—y

T2dy =ylny—Tlnydy
1 1
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[2y—y1ny+y]f2 =(2¢*—¢e*Ine’ +e*)—(2-Inl+1)
=3¢’ —¢e’Ine’)—-(3—-Inl)

=3¢* —e’Ine® -3

=3¢* —2¢" -3
=e" -3
y x=Iny
1 0 e
2 0.69
3 1.09
4 1.38
739 2
11
j j dxdy
0y
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Yy x=\/§
0 0 |
0.5 0.707
0.75 0.866 X
1 1
"c—\/g:y—"c y=0, y=1
X = x=1
1y=x"
I I dy dx
0 0
y
X y:xz
0 0 .
1 1 | =
2 4
3 9
1 y=2" 1
J- J- dydxzj-xgdx
0 0 0
3!
L [ "
0 3




1 8

=503

j ydxdy

y=0, y=\/§

x=TF\4-2¢°
xz—\/TyQ Yy
2 0
1.4 1
0 V2
-2 0
-14 1
0 V2
=T 42" > y=7
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s V2
1(4-2¢%)2
3
2
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_N4- x’
J 2
457
27 g
= I I y dydx
50
447
2 2 9
= _[y— dx
Jol,
17 (4-4
=§J;y[ 3 —Ode
3 2
ot
4 3],
4 3 3 3
X N
y= B /\
0 V2 I
1 1.22
2 0
-2 0
-1 1.22
=
2
(Ans. ydydx —
i
PROBLEM 7.3
Find the volume of the tetrahedron bounded by the plane

d + y + 2 1 and the coordinate planes.
a b c



APPLICATION OF INTEGRALS © 199

Solution:
£+E+E:1
a b c
)
v=[ [ [ dzdydx
0 0 0
ul’(l_g) (1-X_Y
-] z.|;[1”zjdydx
0 0
H1-3) a =
_ _r Y - _xy vy
—! -([ c(l p jdydx c.ﬂ(l jy 2bl dx
a bz(l_sz a 2
=cf (1—”)};(1—‘)— a dx—bcj(l—fj dx
0 a a 2b 0 a
-]
_—abe\ a __abc(0—1)=l|abc|
2 3 2 6
0
PROBLEM 7.4

Find the volume bounded by the plane z =0 laterally by the elliptic
cylinder x4+ 4:y2 =4 and above by the plane z=x+2

Solution:
O +4yt =4
z=x+2=>=2=0
9c2—|-4ygz4,x2 =4d=>x=xx=%2
o +dyt=4
4y’ =4-1o"
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2_4—1‘2
I Ty
y=+ 4_4x~:ié 4—o
;47\7 z=x+2
_1[_x2_22
2
2%4’“"2,“2
v=[ [ [dedydx
2 1770
2
147{
2 9 .
=[ | +2dyds
2 L@
;
¢ i t 4-x"  [4-x"
=J;(x+2) y|2w47dx='[(x+2)|:\/ \/ |

. T _
ezsn,ll at x=2 9:_ at x=2
at x=2 9 :—E

2

(231n9 +2) \/4—4sin”0 -2cosO db

<1
'—,N\:l

| | |
m‘:l!_,[o\kl w‘:.b.m\"l ‘

sinf cos®0 + cos” @ df

1+ cosf

8 | sinf cos®0 +

do
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8

—cos’f 1
3

1

1
=8{—§(0—0)+E(2

noT
_+_
2

1 2
+—0 +—sin 20
2 4 T

j+i(0—0)}=4ﬂ

(Ans. 47)

PROBLEM 7.5

Find the lengthed of the following curves:

Solution:

1

2.

3.

N x2 from (0, 0) to (4, 8)

y=—+—fromx=1tox=3

fromy=1toy=2

4. (y+1)* =42’ fromx=0tox=1

y=x""from(0,0)to(4, 8)
ds® = dx* + dy2 where ds :differential of arclength
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" The position of the curve between the origin and point (4, 8)

:2 9J‘(4+9x) -9 dx
X

1 ¢ 1
:—j<4+9x)29dx
187

4

3

2 37
N SCEEO5N IS U

18 3 27

2 0

_ 1 3
:%@o@ _8)
:%(10@—1)

0

(Ans. 2%(10@ -1)
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3
2. y:x—+—fromx:1tox:3.
3 4x

d
_yzl.3x2 _%
dx 3 4x

dy= (xz - 4—12jdx
X

ds® =dx* + dy2

2 2
= dx? +(x2 —4%) dr? ={1+[x2 —412j }dx
x x

h

Il
—_—

—

+
VR
=

Lo
|
Iy
= =
)
Ne—
1o
&

1+(4c —2? LZ+ 14jdx
4x~  16x
4
/16x +82c +1d,x
16x
/16x +84«c +1dx
4x

i 162° +8x* +1
1

Il Il
e 00— C—y 0O

~
Il
s 122

dx

2
X

»-l>|>—‘

=1j (4u' +1)°

2

44 x
14t +1)
A

162° +8x* +1

=(4x* +1)
=1[36—l—é+1}=5—3
4 3 3 6 53
(Ans. ——
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4

3. x=%+§ from y=1 to y=
dy 4 5, 1
- 7Y ——=
dx 4 4y

Il

— C— [0 e 1O Sy 1O Oy 1O Sy 1O
Ch
Q
_|_
o8]
Q
_|_
—

Q —

+

1 61/ +8y +1 y* +1)°
4! d :>—j 3)2 dy
134° +1 2( , 1}
=\l 4y +— |dy
4! 1 y’
1 1 T
e I
_4@ 2!/21
21[16_L_ l}zﬁ
4 18 2| 32
123
(Ans. —7)

32
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4. (y+1)2=4x3 from x=0 to x=1.

y+1=2x*
3
y=72Jr 1= y=2x* -1
1

%zQx%xz =3Jx

dyzS\/x_‘dx

dy2=9xdx2

ds® = dx* +dy2

=dx* +9x di?
ds® =(1+9x)dx*
ds=L

1
L= 2_[\/1 + 9xdx
0

2| 2
:§j<1+9x)2-9dx

0

o | U

b

2 (1+9x)

9

3
2
1

4 Jivory
27

0

4
=§[10JE -1]

4
(Ans. E(m\/ﬁ -1))

PROBLEM 7.6

Find the distance travelled by the particle P(x, y) between ¢ =0 and
t 1
t =4 if the position at time ¢ is given by : x= >’ y= 3 (2t +1)**

Solution:
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|~
o
o

(2t + 1):E

x=2’ y:—
@zl-ztzt
dt 2
1 dy 13 >
—2t+1)P=>L=="2(2t+1)2-2
= 3( ) dt 32< y

1
=2t +1)2 =2t +1
4
L=J.1/dx2 +dy*dy
0
de=t dt = d* =t*dt*
dy=~2t +1dt = dy* = (2t +1)dt

szl'\/(t2 +2t +1)alt2 = i\/t2 +2t+1dt
0

4

4

= [V +17de = [t +17dt
0 0
t2
E+t| =8+4-0=12
(Ans. 12)
PROBLEM 7.7
The position of a particle P(x,y) at time ¢ is given by:

= %(m +3)>%y=

and t=3.

Solution:

2

OD|)—* OD|)—‘

(2t + 3)

(2t + 3)

t
E+ t. Find the distance it travel between t=0

t2
y=—+=+t t=0,t=3
7=

1
= @zlx§(2t+3>2x2=\/2t+3
dt 3 2



APPLICATION OF INTEGRALS © 207

2
y:t—+t = ﬂ=t+1
2 dt

[=[J@t+3)+(t+1)7 dt

\/(2t+3)+(t2 +2t+1) dt

O L) O C—y O

3
IJ2t+3+t2+2t+1 dt=~Jt> +4t+4 dt
0

3 3

j (t +2)° dt=j<t+2)dt

0 0
2
2
=t—+2t|§:9+6—0=—1.
2 2 2
(Ans. %)
ns. 2

PROBLEM 7.8

Find the area of the surface generated by rotating about the x-axis
the arc of the curve y= x> between x=0 and x=1

Solution:
y=x3 x=0 and x=1

dy 5
=x" = —==3
y== dx *

3
s=j127zy ,1+(%) dx
x° 1[14—(3352)2 dx

1 1
AT+ dx = 2—2136963 (149x*)2 dx
0

o2n

on

1
36x°  (1+9x*)2 dx

=)=

O ey O C— O C—
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T (1+9x")
18] 3
2 0
10410 -1
(Ans. (Z-(10+/10 - 1))
27
PROBLEM 7.9

Find the area of the surface generated by rotating about the Y-axis
the arc of the curve y=x* between (0,0) and (2, 4).

Solution:
2

y=x" (0,0) (2,4) rotating about y-axis.
=y

x=T emcc \/7

OSxSZ

dx 1

dy 2y

s—onmdy

4 1 4 1
=12n\/§ 1+—dy=2nj\/§[1+4—J dy
_Q,ZN‘V dy:,snj4y+1 dy

N\ﬂ

1717 -1) (Ans. Z(7V17-1))
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PROBLEM 7.10

Find the area of the surface generated by rotating about the y-axis

the curve
2
1
y=x—+—;OSxSI.
2 2
Solution: ,
y=x—+l 0<x<1
2 2
X +1 ) N 2
y= 2 = 2y=x+1 = 2y-l=x
X=F 2y—1&)0§xﬁl Soox=42y—1
-1
dx_ Loy 1)z xg-—2
dy 2 2y—1
1 2
atx=0=>y=— o1
2=t —
2 2

1 —
=27zj 2y —1x 2y 1+1dy
i 2y—1
1
=2 [\[2y dy
3
1
=2/on (y>5 dy

:%n(2\/§— D (Ans. %mﬁ -1))
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PROBLEM 7.11

2

t
The curve described by the particle P(x,y)x=t+1,y= 5 +t from
t=0 to t=4 is rotated about the Y-axis. Find the surface area that

is generated.

Solution:

P(x,y), x=t+1,

From

[}
Q

Sl b O — i O ey

=T

2n

)
S

t+ DA+ +1Ddt

1

t+1) 1+E+1))2

1

2t +1) 1+ +1)2)2dt

A+(E+17) zgn(%m—gx@

+
3
2

22
== (13\/5—1)

2./2

(Ans. 32 z(13/13 -1))




CHAPTER

MATRICES AND DETERMINANTS

PROBLEM

PROBLEM 8.1

3 1 1 0 4
tet A=t ZlB=|t % 3|cls Zilp=lo 1 2|and
¢ “lo 47|21 4 277 THPTT -an

0 2 0 -1 1

E<|> 1 Find
—42.111

(a) AB (b) DC (c) (D+I)C (d) DC+C (e) DCB
(f) EI (g) BA+E (h) -5E+A (i) E(2B)
Solution:
_ _ 3 1
1 2 1 2 3
Given A= } Bz{ , C—P —1]
0 4 -1 4 -2
- - 0 2
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ol 2L 2 s
@ “lo 414 2

[1x1+2x(=1) 1x2+2x4 1x3+2x(-2)
|Ox1+4x(=1) 0x2+4x4 0x3+4x(-2)

-1 10 -1 -1 10 -1
AB (Ans. )
-4 16 -8 -4 16 -8

(1 0 4] [3 1
b) DC=|0 1 2|x|4 -1
0 -1 1|0 2

[ I1x3+0x4+4x0  1x1+0x(=1)+4x2
BC=| 0x3+1x4+2x0 Ox1+1x(-1)+2x2
|0x3+(=1)x4+1x0  Ox1+(=1)x1x2

3 9 3 9
BC=|4 3 (Ans. | 4 3])
-4 3 -4 3
0 4] [1 0 o]][3 1
(¢) D+DC=||0 1 2{+|0 1 0f||4 -1
0 -1 1| [0 0 1[[|0 2
2 0 4]|[3 1
=0 2 2|4 -1
0 -1 2/|0 2
[ 2x3+0x4+4x0  2x1+0x(-1)+4x2
=| 0x3+2x4+2x0 Ox1+2x(=1)+2x2

| 0x3+(=1)x4+2x0 0x1+(=1)x(=1)+2x2

6 10 6 10
=8 2 (Ans. | 8 2 )
-4 5 -4 3
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1 0 4][3 1 31
(d) DC+C=|0 1 2||4 -1|+|4 -1
0-11]][0 2] |0 2
[ 1x3+0x4+4x0 1x1+0x(-1)+4x2 3 1]
DC=| 0x3+1x4+2x0 Ox1+1x(-1)+2x2 |+|4 -1
| 0x3+(=1)x4+1x0 Ox1+(=1)x(=1)+1x2 0 2|
3 9] [3 1 6 10 6 10
=4 3]+[4 -1]|=| 8 2 (Ans. | 8 2 |)
-4 3] |0 2 -4 5 -4 5
e 1 0 4][3 1
¢ DCB=0124—1{123}
-1 4 -2
0 -1 1)0 2]
1 0 4][3 1]
First wefind DC=|{0 1 2|4 -1
0 -1 1)|0 2]
[ 1x3+0x4+4x0  1x1+0x(-1)+4x2
=| Ox3+1x4+2x0 Ox1+1x(-1)+2x2
|0x3+(=D)x4+1x0 Ox1+(=1)x(-1)+1x2
3 9
=4 3
-4 3
(3 9
1 2 3
DCB=| 4
4 s -1 4 —2}
[ 3x14+9x(—-1) 3x2+9x4 3x3+9x(-2)
BCB=| 4x1+3x(-=1) 4x2+3x4 4x3+3x(-2)
| —4x1+3x(-1) —4x2+3x4 —4x3+3x(-2)
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-6 42 -9
=1 20 6
-7 4 -18

3 -1][1 0
EI =
<ﬂ _4 ZMO 1}
i 3x1+2x0

£
o e, 007
LI

-1
(h) -5E+A= —5[
4 2

-15 5] [1
= +
20 -10] |0

3 -1 1 2
(i) E@2B)= 4 2}{2{_1 4

2
-1
2

3

| 4x2+2x(-2)
(8§ 4 22
13 32 16

INEERS

[3x1+(=1)x0 3x0+(=1)x(1)

4x0+2x1

o )

21 [-14 7
4] =20 -6

3

__3 -1/l 2 4 6
|4 2}{—2 8 —4}
[3%x24+(-1)x—2 3x4+(-1)x8 3x6+(—1)x(—4>}

4x4+2%x8 4x6+2x(—4)

|

(Ans.

-6 42
1 20
-7 4

-9
6 |)
-18

22|
16
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PROBLEM 8.2
Find the value of x if
2 1 0ff =«
[+ 4 1]|]1 0 2| -7 |=0
0 2 4](5/4

Solution:
2 1 0
Find the value of x[x 4 1] 1 0 2|
0 0 4

= [xax(2)+41)+1x0 xx(1)+4x(0)+1x2xx(0)+4x2+1x4]

X
[2x+4x+2 12]x| =7 |=0

|

= 2x+4)x () +(x+2)x(-T)+12x5/(4)=0
2% +4x—Tx—14+15=0
=2 —3x+1=0
Q2x-1D(x-1)=0
Either (2x-1)=0

OR (x-1)=0

(Ans. x=%orx= 0)

PROBLEM 8.3
Find v and w if[5 w]=0¢[-2 1]
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Solution:
[5 w] =[5 w] [20 U]
20=5 = Uz—é
2
w=v => w=-——
PROBLEM 8.4
0 2
1 -1 2
Let A= ,B=|-1 3 |.Find
0 1 4
5 -2
(a) 2A+ B’ (b) B'A' -
Solution:
(1 -1 2 2 -2 4
A= = 2A=
0 1 4} [0 2 8}
[0 2
0O -1 5
B=|-1 3| = B'=
2 3 =2
5 -2
(2 -2 4 0O -1 5
2A+B = +
0 2 8|72 3 -2
-2 -3 9
- 2 5 6
A ()2_39(19)10 19
e 5 6 5 -6
PROBLEM 8.5
3 01
1 -2 0
Let A= 0 1 2,B=|: L 3 2j|.Find(2A—I)B' and show that
-1 15

(BA)=A'B



Solution:
(a) Find (2A-1)B I=
Q2A-1)=>
B =
(2A-1)B' =

5x(1)+0x(=2)+2x0
= | 0x(1)+1x(-2)+4x(0)
—2x(1)+2x(=1)+9x%(0)

Now, BA =

MATRICES AND DETERMINANTS

1 00
0 1 O] Note
0 0 1
6 0 2 1 0 0
0O 2 4|-10 1 O
-2 2 10 0
5 0 2
0O 1 4
-2 2 9
1 -1
1 -2 0
-2 3 asBz[ }
-1 3 2
_O 2
5 0 2|[1 -1
0O 1 4||-2 3

2 2 9/0 2

5x(— 1)+O><3+2><2

“D+(=1)x(3)+4x(2)
—2><( 1)+2x3+9x%x2
(5 -1
-2 11
|6 26
[ 3 0 1
1 -2 0
0 1 2
[—1 3 2}
115
3 -5
3 -2 -3

217



218 ° MATHEMATICS FOR MECHANICAL ENGINEERS

3 0 —-1)||1 -1 3 -5

and AB =0 1 1|-2 3 |={-2 5 |=LH.S.
1 2 50 2 -3 5
Hence, (BA)'=A'B’
PROBLEM 8.6
x x 1
For what value of x will |2 0 5(=0?
6 7 1
Solution: Expand the determinant
0 5 2 5 1 2 0 0
2 —x + =
o1 e 1|7 e 7
= x(x—35)—x(2-30)+1(14-0)=0
= x(=35)—x(2-30)+1(14-0)=0
= —35x+28x+14=0
= —Tx=-14
= x=2 (Ans. x=2)
PROBLEM 8.7

Let A be an arbitrary 3 by 3 matrix, and let R,, be the matrix

obtained from the 3 by 3 identity matrix by interchanging rows 1
010

and2: R,=(1 0 0] (a) Compute R,A and show that you would
0 01

get the same result by interchanging rows 1 and 2 of A. (b) Compute

AR, and show that the result is what you obtain by interchanging

columns 1 and 2 of A.

Solution:

A=l ay ay

a3 A3 A



MATRICES AND DETERMINANTS © 219

01 0]

R,=[1 0 0

10 0 1]
[0 1 0] a,, Gy Gy
(@) R,A=|1 0la, ay, ay
100 1l{ay ay ag

a,; | interchanging columns 1 and 2 of A

ay Gy a |[0 10

(b) ARy, =|a, ay ay|1 0 0
| a3 a3 ag 0 0 1
_dlz Gy Ay |

a,  ay |interchanging columns 1 and 2 of A.

4z, Az Agg az, a3 dg
PROBLEM 8.8
Solve the following determinants:

2 3 1 2 -1 -2 2 -1 3
(a4 5 2 b)) -1 2 1 c)}1 0 2
1 2 2 3 0 -3 0 2 1
1 1 0 o0 1 2 3 4

1 0 -1
@lo 2 —2 (@) 0O 0 -2 1 01 2 3
% 1017 D% 021

2 0 1
3 0 2 1 0 0 3 2
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1 -1 2 3 0100
) - 2 6 (h)o 110
(8 1 0 2 3 1 111
-2 2 0 -5 1100
Solution:
2 31
5 9 |4 2 |4 5
(a) 4 5 2/=2 - +
2 20 o2l o2
1 2 2
|A|=12-18+3
=-3
2 -1 -2
b) -1 2 -1|=-12+0+12
3 0 -3
=0
2 -1 2
() 1 0 3=0+0+4—(0+12-1)
0 2 1
=4-(11)=-7
1 0 -1
(d) 0 2 -2[=(2+0+0)—(—4+0+0)
2 0 1
2+4=6
1 1 0 0
0 =2 1/ o =2 1
<>OO_21 -1 0 7-lo o 7
o -1 0 777 B
0 2 1 3 2 1
30 2 1
-2 1 -2 1
=+1 -1/3
2 1 0 7
=—2-2-3(-14)

=2-2+42=38



1 2 3 4
1 2 3
01 2 3_0 5 1
) 00 2 1
0 3 2
0 0 3 2
1 2 3
= oo 2 1
0 3 2
Expend this along the first column:
2 1
1 =4-3=1
3 2
1 -1 2 3
(g) 2 1 2 6
1 0o 2 3
-2 2 0 =5
1 2 6 2 2 6

Mmoo 2 3| -1 2 3| +2+1 0 3| (=3)

2 0 -5 -2 0 -5
(
(
=(-22)+(2)+(-2)+24 =2
0 0

0-—

[ =)
— e e
— = o

1
1
0

S = =
o = O

0
=
0
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2 1 6 2 1
1 0
-2 2 -5 -2 2

D[(-10+12+0)—(24+0+0)]+ (1)(-20-12)—24 —10]
+ [0+ (=6) +(+12) - (0+12-5)](-3)[(0 -4+ 4) - (0+ 8+ 0)]

Ans.(a)-5(b)0(c)-7(d)6
(e)38(f)1(g)2(h) -1

S O o

J
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PROBLEM 8.9
Solve the following systems of equations:
(a) x+8y=4 (b) 2x+3y=>5
3x—y=-13 3x—y=2
d) 2x+y—z=2 (e) 2x—4y=6
x—y+z=7 x+y+z=1
2x+2y+z=4 Sy+7z=10
(@ x +x,—x;+x,=2 (h) 2x—-3y+4z=-19
X, —x,+a,+x,=-1 6x+4y—2z2=8
X X, Fay—x, =2 x+5y+4z2=23
X, +x,+x,=-1
Solution:
(a) x+8y=4
3x—y=-13
1 8
|Al= =-1-24
3 -1
=-25
4 8
A= =—4+104
-13 -1
=100
1
and |A,|= =-13-12
3 -13
=-25
|A,] 100
=2
|A] -25
A _ o5 _
T7TAl 225

(¢) x+y+z=2
2x—y+z=0
x+2y—z=4

f) x—z=3
2y—2z=2
2x+z=3

(Ans. x=—4,y=-1)
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(b) 2x+3y=5

3x—y=2
2 3
|Al=
3 -1
= -2-9=-11
5 3
MJ:
2 -1
=-5-6=-11
2 5
and |A,|=
32
4-15=-11
colAl -1
A -11
Al -
A -11
y=1 (Ans. x=1,y=1)
(¢) Using Crammer’s rule,
x+y+z=2
2x-y+z=0
x+2y—z=4
1 1 1
|[Al=]2 -1 1
1 2 -1
—(-1+2-2)=(1+1+4)
=6-(-1)
=7
2 1 1
|A|=2 -1 1
1 2 -1

=(2+4+0)—(-4+4+0)
|A1|:6
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12 1
|A|=]2 0 1
1 4 -1
=(0+2+8)—(0+4-4)
|A,|=10
11 21 1
|A]=2 -1 02 -1
1 2 41 2
(-4+0+8)—(—2+0+8)|A,|
|As|=-2

i
==
Il

>

<
Il

=|
Il

n
I
=

= -1|o
| =B |

=

(d) 2e+y—z=2
x—y+z=7
2x+2y+z=4
2 1 -1
|Al=[1 -1 1
2 2 1
=(2+2-2)—-(2+4+1)
|A]=-9
2 1 -1
|Al|=7 -1 1
4 2 1
=(-2+4-14)—(4+4+7)
1A, |=-27
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-9
x=3
2 2 -1
A =1 7 1
2 4 1
=(14+4-4)—(-14+8+2)
A, =18
18
9
y=-2
2 1 2
|A|l=1 -1 7
2 2 4
|A,|=-18
Zz__198=2 (Ans. x=3,y=-2,z=2)

(e) 2x—4y =6
x+y+z=1
Sy +7z=10
2 -4 0
|Al=1 1 1
0o 5 7
=(14+0+0)-(0+10-28)
|A|=14+18=232

6 —4 0
lAl=[1 1 1
10 5 7

=(42-40+0)—(0+30-28)
=2-2=0
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0
x=§=
2 6 0
|A4,l=1 1 1
0 10 7
=(14+0+0)—(0+20+42)
=14-62=-48
—48
Y7759
2 -4 6
A=l 1 1
0 5 10
=(20+0+30)—(0+10—40)
|A,|=50+30=80
_80_5_,«

Z2=—-=
32 2

-1.5

(Ans. x=0,y=-1.5,2=2.5)
%) x—z=3

2y —2z2=2
2x+2z2=3
1 0 1
|Al=l0 2 -2
2 0 1
=(2+0+0)—(-4+0+0)
|Al=2+4=6
3 0 -1
|A|=2 2 -2
3 0 1
=(6+0+0)-(-6+0+0)
|A|=6+6=12
_12_
=5 =

X 2
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13 -1 3

|A,|=l0 2 =2/ 0 2
2 3 1|2 3
=(2-12+0)—-(-4+6+0)
=-10+10=0

y=0
103

|A,|=10 2 2
2 0 3
=6+0+0)—-(12-0+0)
=6-12=-6

5_4

= 6 (Ans. x=2,y=0,z=-1)

(2) X +a, —xy =2
X =%, tay o, =1

Xy X, Fx,—x, =2
X, +x,+x, =-1

The augmented matrix [A: B] is

1 1 -1 1 2
-R, +R,
T -1 1 1 -1
-R, +R,
— 1 1 1 -1 :2
-R, +R,
1 0 1 :-1
1
—R, +R,
2
1 1 1 -1 1 2
—-—R.
97210 =2 1 0 :-3
1 o 0 2 -2 :0
2 0O -1 2 0 :-3
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1
|

10 o0 1 1
2
3
RS+R2 0 1 _1 0 :E
BB 0 01 21 .0
00 1 0 .
L 2
1 0 0 0 271 0 0 1 ;%
_R4+Rl O 1 0 0 ZO 3
3110 10 -1 :=
R+R, |0 0 1 0 -2 2
R, +R, 20110 01 -1 :0
‘ 3
000 151100 1 :-2
L Il 2|
3 3
= x, =2, x, =0, xg——E, x4——z
(h) 2x -3y +4z=-19
6x+4y—2z=8
x+5y +4z =23
2 -3 4
|Al=|6 4 -2
1 5 4
=(32+6+120)— (16 —20—72)
| A|=234
-19 -3 4
lAl=| 8 4 -2
23 5 4
= (=304 + 138+ 160) — (368 + 190 — 96)
|A,|=—468
2 -19 4
|Al=l6 8 -2
1 23 4

=(64+ 38 +552) — (32 — 42 — 456)
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|A,|=1170
2 -3 -19
|A,|=l6 4 8
1 5 23
= (18424 -570) - (-76 + 80 — 414)
|As|=0
|A| 234
I _umo
|A| 234
5
|A| 234

(Ans. x=-2,y=5,2=0)






CHAPTER

ComprLExX NUMBERS

PROBLEMS

PROBLEM 9.1
Find the values of
(a) (2+ 31) (4-2i) b) 2-1)(-2+30) () (-1-29)(2+1)
Solution: (a) (2 + 3i) (4 — 2i)
= 8 —4i+12i—6i"
i’ =-1
8§-4i+12i+6
14 +8i (Ans. 14 + 8i)
(b) (2—-1) (-2 + 3i)
= —4+6i+2i-3i"
—4+8i+3
=—-1+8i (Ans. -1+ 8i)

(c) (-1=2i)(2+1)
2 +i+4i-2i
—2+5i+2
=->5i (Ans. —51i)

U
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PROBLEM 9.2
6
Fl1+iv3
Show that (%} =1 for all combinations of signs.
Solution:
Z" — <T€i9>n — rneiné’
6
1+ 1+ 6 1
+ +l\/§ :< +lg/§) :_<1+l’\/§>6
2 2 64
r=y1+3=/4=2
0=tan™" ﬁ =z
1 3
i~ 0 ign
z° _ L 2¢ 3 1 23 |=¢'*”
64 64
z" =r"(cos@+isind)
1 6 1
= 1+iV3 = 64[cos27 +isin27]=1+0=1.
PROBLEM 9.3

Solve the following equation for the real numbers x and y:
(B—-2i)(x +iy)=2(x—2iy) +2i—1
Solution: (3—20)(x +iy)=2(x — 2iy) + 2i — 1
3 + 3iy — 2xi — 2yi® = 2x — 4iy + 21— 1
3x + 3iy — 2xi + 2y — 2x + 4iy=2i -1
(x+2y)+(Ty —2x)i=2i -1
x+2y=-1 . (1)
Ty —2x=2 ...(2)

From Equation (1)
x+2y=-1 = x=-1-2ysubstitute this into Equation (2)

Ty—-2(-1-2y)=2 = Ty+2+4y=2
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Ty+4y=0 = 1ly=0
y= 0 substitute this into Equation (1)
x+0=-1
x=-1 (Ans. x=-1;y=0)

PROBLEM 9.4
Show that |§| = |z|

Solution: r=x+iy = = +y°

FExciy = |Z|:\/x2+<_?/>2 Z\/x2+y2 =|z|

PROBLEM 9.5

Let Re(z) and Im(z) denote, respectively, the real and imaginary parts of z,
and show that

(a) z+z=2Re
(b) z—z2=2iIm (z)

(c) |z1 + z2|2 = |z1|2 +|z2|2 +2Re(z, z,)
Solution:

z=x+iy = zZ=x-iy
z+z=(x+1iy)+(x —iy) = 2x = 2Re(z)

=24y = 2iIm(z)

() |z +z2|2 =|z1|2 +|z2|2 +2Re (z, z,)
2

LHS. = |z1 +z2|2 = |x1 + iy, +x, iy,

= (\/<x1 +1,)° + (y, + yz)z )2

=(x, +x2>2 +(y, +y,)

2
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RILS. = |3[ +|z,] +2Relz, 5,)

=(\/x12 +y; )2 +(\/x§ +y; )2 +2 Re ((x, +iy,) + (x, —iy,)

2, 2, 2 2
Xpty +x, +y, +2(x, x, +y y2>

2 2, 2 2
Xy 2000 + X5 Yy 2,1 T,

= (3, +3,)" +(y, +y,)* =L.ILS. (Ans. On the line y =—x)

PROBLEM 9.6
Graph the points z=x+ iy that satisfy the given conditions:
(a) |z—1|=2 b) |z+1]=1 () [z+i=]z-1]
Solution:
(@)
|z-1]=2

= |x+iy—1|=2 i
!__“3 eal No.
|(x—1)+iy|=2 1\ 1 3 RealN
= Ja=17+y* =2

(x—17+y° =4

r =radius =2

The center of circle (1, 0)
(Ans. On the circle with center (1, 0), radius 2)
(b) |z + 1| =1
|x +iy+ 1| =1
= |(x+1)+z'y|=l
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Ja+1)? +y* =1
(x-17+y*=1
r=1 center (-1,0) ) . 0

(Ans. On the circle with center (-1, 0), radius 1)

|z+i|=|z-1| = |x+iy+i|=|x+iy—1]|

\/x2 +(y+1)2 =\/(9c—1)2 +y2
acz+(y+1)2=(x—1)2+y2

x2+y2+2y+1=x2—29c+1+y2
Pyt +2y+1-2"+2x-1-¢" =0
2x+2y=0 = x+y=0

y=-x
X y=—x y=—x
0 0
1 -1
2 -2
3 -3
-1 1
-2
-3 3

(Ans. On the line y=—x)

PROBLEM 9.7

Express the following complex number in exponential form with r >0 and

<0<

(@) (1+4=3)

1+i 1+i/3
b)7=; (© —il3 (d) (2+3i) (1-2i)
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Solution:

a) (1+J§)2 ?=-1

(1+\/3)2:>(1+i\/§)2
=m = r=f:r=2
g V3 7

= —==
3

(1+f [ ] [Ans 4e§j

f=tan

1+
b -
( >1—i
L+i 14i 1420+ 1+2i-1_ 20 _
1-i 1+ 1-4* 1-i2 2
011 =1 f=tan'L=7
0 2

1+i  Zi
r=—m-=e¢e ir
1-i [Ans.ezj

() 1+iV3 1+iy3 14234317 _1+2V3i-3

-3 1+i3  1-38 1-34
- —2+2\3i  2+2V3i _ 1 3.
1+3 4 2 2
[ij B O[3,
2 2 4
V3
0 =tan ¥y n’ll:gn’
X 1 3
2
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(d) (2+3i)(1-2i)= 2-4i+3i-6i
2-4i+3i+6=> 8-—i

= r=+/(8)°+(1)*

J64+1=1/65
6 =tan™ (%) =tan" (0.125)
2=re? = z= \/_ itan™ (-0.125)

( Ans. \/ge“an“ (0-1.25) )

PROBLEM 9.8
Find the three cube roots of 1.

Solution:
N=r=>V1+0=1 H=tan" %:
9#\9—”
. zz"re(’ "j
- Three roots k=0,1,2
At k=0 = lIstrootw,=e"=1 z=1
i[7+]x—”] Zli
at k=1 = 2ndrootw,=e¢"® *’/=e¢3
z=4/r (cos @ +isin 6)
27 21 1 3
Z=Cos—+isin—=——+i—
3 3 2 2
i(9+2x2—”j ém'
at k=2 = 3rdrootw,=e¢’ °*’/=¢>
4 o4 1 3
Z=cos—m+isin—zmr=———i—
3 3 2 2
PROBLEM 9.9

Find the two square roots of i.
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Solution: Jimsr=J031=1 and
O=tan™' 1z
0o 2
i[”—/z+0x2—”] z;
at k=0=1strootw,=¢"' > *’=¢*
cos£+isin£—i+ zL
4 4 2 2
i(”—/g+lx2—”j
at k=1 = 2ndrootw,=e¢‘*> °*
(17z 2 (7 (5
_ e'[???j _ el[rﬁ) _ el[rz)
cos§7z+isin§7r=—i—iL Ans.—liiﬁ
4 4 NEEENG) 27 2
PROBLEM 9.10
Find the three cube roots of (—81).
Solution:
V-8i = r=4/0+(-8)° =8and @ =tan™" Sz
0 2
i(ﬂ+0x2—”) —ﬁi
at k=0 = lIstrootw,=%8e¢" > */=%8e"
= 267?
s =2.
Vs Vs
z=2| cos——+isin—— =\/§—i
[cos-frisn-5
i(—ﬁ/2+2£j
at k=1 = 2ndrootw,=%8¢" ? 3

(5, =),
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2(005Z + isinzj =2i
2 2

[ 721052 {Z47
at k=2 = Srdrooth:Q,el[TJr 3)=2e(6 3)
:2ei(¢]:2e%”

( 7 . 7 j
= 2| cos—m+isin—rm
6 6

=_J3-i. (Ans.—2i;i\/§—i)

PROBLEM 9.11
Find the six sixth roots of (64).

Solution:
@:r=«1(64)2+0=64and9=tan_1%=0
i(9+0x2—”
At k=0 = Istrootw,=64¢'® ¢/ =¢°
={/64 ¢’ =2
z=2
At k=1 = 2ndroot ¢64 =2
9+2—” l‘ﬁ
w1=2e(6 6)2283
z=2(cos£+isin£)=l+i\/§
3 3
i[0+2x°—”] i—r i%,,
at k=2 = 3rd root w, =2e¢ 0/ =26 =2¢°
z:2(cosz—”+isin2—ﬂj=—l+i\/§
3 3
i(0+3x2—‘”) )
at k=3= 4th rootw, =2e¢ 0/ =2¢"

z=2(cosm+isinm)=-2
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0+4><2—” léﬂ

at k=4:>5throotw4=26{ 6)2263
Z=2(COS§ﬂ+iSin%ﬂ)=—l—i\/§

5
i—m

i(0+5xgn)
at k=5=6throotw,=2¢"' °’/ =2¢°
z =2(cos§z+isingﬁj =-1-i/3

(Ans.i2; 1+ i\/§; —iiix/g)

PROBLEM 9.12

Find the six Solutions of the equation: 20 +22°+2=0.

Solution:
2 +922°+4=0
—b+b* —4ac
As, =
2a
o_ 24— 4@ _2+4-16 _2+712

2(1) 2 2

o4 Loy )

_ 2_x2/Z\/§z= 2_22J§z:_li\/§i

2=R-1£iV3
For J-1+if3=r=y=1P+3=4=2

and l9=tan’1£=%7r

4 g” i§7z
k:() = w():%/ges(-? j:%eg
z= %(COS%?T-FiSin%ﬂ'j
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i[erZE ) 114,,
k=2 = w,=%2¢' 3 /=327
z= %/5 (cosl—47r+ isinﬂﬂ)
9 9
For J-1-id3 = r=+1+3=2and
J3 4
. ==r

O=tan -2 ==
3

(4/37m

—0 iiﬂ
k=0 = 4thr00t=w3=3/§e( ’ ]=Q/§e9
z=ﬁ/§(cos§ﬁ+isingﬁj

10

u é7r+2;r i—r
k=1 = 5thr00t=w4=§/§es[3 jzﬁ/geg
z=3/§(cos%ﬂ+isin%ﬂj

16

i—r

T+4rn
k=2 = 6throot=w,= \/_6( ):\/569
zzgﬁ(cos%ﬂ+isin§7rj

Ans.32 (cosgﬂi isin%ﬂj; 32 [—cosziisinﬁj; 32 (coséﬂiisinéﬂ'j
9 9 9 9 9 9

PROBLEM 9.13

Find all Solutions of the equation x*+422+16=0.

Solution:
x* +4z2° +16=0
=N o TAEV16-64 “216_64 =—27F2/3i
= x=+-27F23i

For N-2F2 =4 r 4
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and O=ta —%ﬂ'
3

L 243
n — =
-2
L(Z,,j 7
k=0—> 1st root = w, =/4¢>> ' =2¢ 3

= 2(cos§+isin%j=1+i\/§

if2 or
k=1-— 2nd root=w, =2€2(3 )

= 2(cos%ﬂ+isin§ﬂj =-1 —i\/g

For J2F723i = r=+J4+12 =4
243
==

-2 3

and 0 =tan”

1(%,,) 2.
k=0—3rdroot=w, =2¢>* ' =2¢3
=2(cos%7r+isin§ﬂj =—1+ z\/§

i(é7z+27z 2

k=1-— 4th root =w, =2 ¢>* )=28i§”
=2(cos§ﬂ+isin§zj:—l—ix/§
3 3
(Ans.li iV3; —lii\/§)

PROBLEM 9.14

Solve the equation x'+1=0.

Solution:
+1=0
el =V-1r=4/1+0=1
0
and O=tan' —=r

i

Istroot=w, =¢*
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_cos£+isin1_L+L
4 4 V2 2

—

i(37!> 3 +1isi 3 + 1
=cos—7 +isin—r=———=+—F=
4 V2

2nd root = w, =e*
2

%(57[) 5 i Si x l
3rdroot=w, =e* =cos—zm+isin—r=——=——=
1 2 2

i(77r) 7 i Si l
=CcoS—m+isin—7T=—=—-——=

4 2

i

4th root = w; = e*

—
/_\N)|

:
5~
[
-
[
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